BEJIOPyCCKHH rOCyMPCTBEHHHH 
yHHBEPCHTET 



AjieKcaH^p Khcgjigb 



He^ocTH:a<:HMOCTb 
cy6HeflocTH:acHMOCTb 

B flByx HacTiix 
HacTb I 



Mhhck 

"H3;;aTejibCKHH u;eHTp BPy" 
2011 



y^K 510.227 



KncejieB, A. A. He^ocTHSKiiMOCTb h cy6He/i,ocTHJKHMOCTi>. B 2 h. 
H. 1 / AjieKcaHflp KncejieB. - Mhhck : Hsfl. ]j;eHTp BFY, 2011. - 11141 c. 



^aHHoe H3/i,aHHe npeflCTasjiaeT co6oh nepeso/], c aHrjiHitcKoro asbiKa mo- 
Horpa<l)HH A. A. KHcejiesa nop, tbm ace HassaHHeM, co/],ep>Kaiii,eH flOKasaTejib- 
CTBO (b ZF) HecymecTBOBaHHa nefloCTHJKHMBix KapflHHanoB, 1-e H3/],aHHe ko- 
TopoH Bbimjio B CBBT B 2000 T. HacTb I coflepjKHT annapaT cy6HefloCTH>KHMbix 
KapflHHajiOB H ero ocHOBHBie cpeflCTBa - TeopHH peflyLi,HpoBaHHbix 4)opMyjib- 

HblX CneKTpOB H MaTpHII,, TeOpHKt flHCCeMHHaTOpOB H flpyrae - KOTOpBie HC- 

nojibsyiOTca b stom flOKasaxejibCTBe h npeflCTaBJienbi Tenepb b hx 6ojiee npo- 
spaHHOH H noflpo6HOH 4>opMe. Bojibinoe BHHMaHHe yflejiaeTca 6ojiee rjiy6oKoii 

pa3pa60TKe H KyjIbTHBHpOBaHHM 5a30BbIX Hfleii, CJiyjKamHX OCHOBaHHHMH fljia 
OCHOBHblX KOHCTpyKLl,HH H paCCyjKfleHHH. 

IlpeflHasHaHeHO fljia cneLi,HajiHCTOB no TeopHH MHoacecTB h MaxeMaTHne- 
CKoii jiorHKe, a TaKJKe fljra npenoflaBaTejieii h CTy^eHTOB (JjaKyjibTeTOB MaTe- 
MaTHHecKoro npo4)Hjia. 

BnGjiHorp.: 26 nasB. 

IlepeBOfl ocyn];ecTBjieH no HSflaHHio: Kiselev, Alexander. laccessibility and 
Subinaccessibility. In 2 pt. Pt 1 / Alexander Kiselev. - 2nd ed., enrich, and 
improv. - Minsk: Publ. center of BSU, 2008. 



- ISBN 978-985-476-931-8. 



Peii;eH3eHTbi 
npocjieccop U. U. 3a6peuKo; 
npo4)eccop A. B. JIe6edee 



KjiaccH4)HKaii,HH MaTeMaTHHecKHX TeM (2000): 
03E05, 03E15, 03E35, 03E55, 03E60 



ISBN 978-985-476-931-8 (h. 1) 
ISBN 978-985-476-596-9 (pt. I) 



© KHcejieB A. A., 2011 
© Alexander Kiselev, 2008 



Bjiaro^apHOCTH 



Abtop BMCKasbisacT cboh ncpBbic cjiobe r.Jiy6oKOH 6.Jiaro;];apHOCTH 
XaHHe KajiHeHflo sa noHHMaHHe snaHHTejibHOCTH tcmbi h sa cep- 
fleHHyio BooflyineBjiHiomyio noMomb b npoflBHJKeHHH pa6oTbi. 

OcoSaa npHsnaTejibHOCTb BbipaacaeTca npocj). C. P. KorajiOB- 
CKOMy, KOTopbiit HayHHji aBTopa TeopHH HepapxHit, h npocJ)- Akh- 
XHpo KanaMopH sa hx 6ecii;eHHyK) Boo/iymcB.JiHK)myio no/i^epjKKy, 
npHflaBinyio Heo6xo/i,HMbili HMnyjibc sabepmeHHro pa6oTbi. 

Abtop xoTeji 6bi laioKe BbipasHTb ocoSyro SjiaroflapnocTb npocJ). 
A. B. JIe6efleBy h npo(J). 11. 11. 3a6peHKO sa MHorojieTHioio nofl- 
PfipyKKy ero pa6oT; 6ojibmoH HHTejijieKTyajibHbift h MopajibHbift 
flojir bbicKasbiBaeTCH hm o6ohm sa hx npaKTHHecKyio a flyxoBHyio 

nOMOmb. 

FjiyGoKaa SjiaroflapnocTb BbipaxcaeTCH npocJ). A. B. TysHKO 
By H K). HpoKonHyKy, KOTopbie oKasbibajiH aBTopy HHTencHBHyio 
3KcnepTHyio noMon],b b Ha6ope TeKCTOB. 

npo(|). B. M. PoMaHHaK OKasbiBaji asTopy MaTepnajibHyio h 
MopajibHyio noMomb b npoflOJi^ceHHH caMoro cjioxcHoro nepnofla 
Hccjie/];oBaHHH TeMbi h aBTop a^pecyeT eMy MHoro ciiob rjiy6oKOH 
6jiaroflapHocTH. Bojibinaa 6jiaroflapHocTb BbicKasbibaeTCH TaioKe 
JIiOflMHjie JlanTenoK, KOTopaa ocymecTBHjia mhofo nepBOHanajib- 
HbDc TpyflHbDc HaSopoB npeflbi^iymHx tckctob aBTopa, noflroTOBHB- 
niHX 3Ty pa6oTy. 

FjiyGoKaa cepflennaH 6jiaroflapHocTb BbicKasbibaeTca HaflejKfle 
3a6poflHHOH sa MHorojieTHne BOOflymeBjieHne h no^^qepxcKy, 6es 
KOTopbDc 9Ta pa6oTa 6bijia 6bi snaHHTejibHO saTpyflnena. 

AbTop 6jiaro^apHT Bcex flpyrnx cnei^najiHCTOB sa hx no^^qepxc- 
Ky H BooflymeBjieHHe. 
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BBe/],eHHe 



rioHHTHe HeflocTHJKHMOCTH B ero pasjiHHHMX cJsopMax npHHafl- 
jieJKHT K HanGojiee sajKHMM KOHii;enii;HaM KyjibTypHbix TpaflHii;HH 
c flpeBHeitniHX speMen h coctoht b npeflCTaBJieHHH o SKcmpaopdu- 
napHO orpoMHOM (jaeHOMene, KOTopbili He MoaceT Gbitb /;ocTHrHyT 
cpeflCTBaMH "Menee MomHbiMH", hbm caM btot cjaeHOMen. 
B 3TOM noHHMaHHH OH npeflCTaBjiHeTCH oflHHM H3 6a30Bbix apxe- 
THnoB HejioBenecTBa. 

B Hanajie 20 Bexa 3Ta KOHii,enii;HH nojiynnjia CBoe flocTaTOHHO 
a/i,eKBaTHoe BbipajKeHHe b ocHOBaHHHX MaTeMaTHKH cjieflyioiii,HM 
o6pa30M. KoHcJjHHajibHOCTBK) Kapfl^anajia k nasbiBaeTCH mhhh- 

MajIBHblH KapflHHajI Cf{k), KOTOpblli MOJKeT 6bITb OTo6pajKeH 

HeKOTopoH 4)yHKii,HeH / B /c TaK, HTO sup rn5((/) = /c; Kapflnnaji 
k HasbiBaeTCH peryjiapHbiM, ecjiH cf{k) = k, anane oh nasbiBa- 
eTCH CHHryjiHpHbiM; oh nasbiBaeTCH cjia6o neflocTHJKHMbiM, ecjiH 
OH HecHeTHbift, peryjiHpHbiH h p^jia KajKfloro a < k cjieflyromnft 
nocjie a Kapflnnaji cHOBa < k. HoHHTHe chjibho HeflocTHJKHMo- 
ro KapflHHajia nojiynaeTca saMenoft nocjie/i,Hero ycjioBHs na 6ojiee 
CHjiBHoe: Va < k 2" < A;. 

BnepBbie noHSTne cjia6o HeflocTHJKHMoro KapflHHajia 6bijio BBe- 
flfiHO (PejiHKCOM Xayc/i,op4)OM [1] b 1908 roffy, Hayjib Majio [2]-|l] 
Hccjie;i,OBaji 6ojiee CHjibHbie npeflejiBHbie o6pa30BaHHH, Kapflnna- 
jibi Majio B 1911-1913 roflax. IlosjKe noHBHjiHct, chjibho neflocTH- 
jKHMbie Kap/];HHajibi, BBefleHHbie Baii,jiaBOM CepnHHCKHM h Ajib- 
4)peflOM TapcKHM ^ a 3pHCTOM LI,epMejio ||6j b 1930roflax. Hocjie 
3Toro HanajiBHoro nepnojia noHBHjiocb mhofo bh^ob neflocTHJKH- 
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BBefleHHe 



Mbix KapflHHajioB - cjia6o KOMnaKTHbie, HeonncbiBaeMbie, KapflH- 
Hajibi 3pflema, HoHcona, Pay6oTTOMa, KapflnnajiM PaMcea, h3- 
MepHMbie, CHjibHbie, KapflHHajiti By^HH, cynepcHjibHbie, CHjibHO 
KOMnaKTHbie, cynepKOMnaKTHbie, rjiasHbie KapflHHajibi BoneHKH, 
noHTH orpoMHbie, orpoMHbie, cyneporpoMHbie KapflHHajibi h t.^., 
o6pa3yH HepapxHK), cooTBeTCTByromyro cymecTBeHHOMy ycHjieHHro 
"cTeneHH neflocTHJKHMOCTH" - Bce ohh nojiynnjiH o6ii];ee nasBaHHe 
"6oAbiuue KapduHGAu". 

TaKHM 06pa30M B OCHOBaHHHX MaTeMaTHKH npoHHO ycTanoBH- 
jiacb TpaflHii;HH neflocTHJKHMOCTH, cjiyjKamaa o6ocHOBaHHeM Bepbi 
B TO, HTO rjiaBHoe HanpaBjieHHe pasBHTHH coBpeMeHHoli TeopHH 

MHOJKeCTB COCTOHT B (JjOpMHpOBaHHH CHCTeM THnOTeS GojIBLUHX 

Kap/;HHajioB, ecTecTBeHHbix MOflejieli TaKHX rnnoTes h renepHHe- 
CKHX paciuHpeHHit TaKHX MOflejieli. Bo bchkom cjiynae, yTBepflH- 
jiacb Bepa b to, hto: 

Bcex rnnoTes Gojibluhx KapflHHajioB ... mojkho npe/;jio- 
jKHTb 6ojiee HjiH Menee y6eflHTejibHbie o6ocHOBaHHH ... - y6eflH- 
TejiBHbie, BO BCSKOM cjiyHae nacTOJiBKO, hto, nojKajiylt, hhkto He 
OJKH/;aeT OHpoBepjKeHHit bthx rnnoTes. 

CymecTByroT, o^naKO, flpyrne, 6ojiee npo6jieMaTHHHbie rnno- 
Tesbi GojibuiHX KapflHHajioB. ^jih hhx pfl chx nop hbt y6eflHTejib- 
Horo oGocHOBaHHH. 0/;HaKO h 3th rnnoTeabi flajieKH ot toto, hto- 
6bi 6biTb OTBeprnyTbiMH, ho npHBejiH k nocTpoeHHio HpesBbiHaliHO 
KpacHBbix MaTeMaTHHecKHX Teopnlt." (KroneH [7]). 

B /;onojiHeHHe k oneHb KpacHBOMy o6ocHOBaHHio nenpoTHBO- 
peHHBOCTH TeopHH MHOJKecTB B n;ejiOM, 3Ta Bepa GasnpyeTCH na 
6ojibmoM KOjiHHecTBe xopomo HSBecTHbix pesyjibTaTOB, yxasbiBa- 

IOHI,HX Ha 6jIH3KHe BSaHMHbie CBH3H (hO OTHOCHTejIBHOH HeHpOTH- 

BopHHHBOCTH) MejKfly FHHOTesaMH GojiBHiHX KapflHHajioB, Akcho- 

MOH fleTepMHHHpOBaHHOCTH, peryjIHpHblMH CBOHCTBaMH KOHTHHy- 
ajIBHBIX MHOJKeCTB, HHcJaHHHTapHblMH KOM6HHaTOpHKaMH, HHC^SH- 

HHTapHbiMH HSbiKaMH H /;pyrHMH. BojiBHioH Ha6op TaKHX pesyjib- 
TaTOB HpeflCTaBjieH b MOHorpacJjHHX (ppsHKa ^peftKa [8] h Akh- 
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xnpo KanaMopn [9]; nocjieflHHH, saMenaTejibHO HCHepnbiBaromaa 
H coBpeMeHHaa, coflepjKHT TaKJKe Bbiflaromyroca fleMOHCTpaii;Hio 
pasBHTHa Hflefi pasjiHHHbix rnnoTes 6ojibmHX KapflHHajioB. 
"HccjieflOBaHHH rnnoTea Gojibiuhx KapflHHajioB fleftcTBHTejiBHo co- 
CTaBjiaeT ocHOBHoe HanpaBjienne pasBHTHH coBpeMeHHoli TeopHH 

MHOJKeCTB H OHH npH3HaK)TCH HrpaK)mHMH KJIK)HeByK) pOJIb B H3y- 
HeHHH OnpeflejIHMblX KOHTHHyaJIbHblX MHOJKeCTB, B HaCTHOCTH HX 
Jie6erOBOH HSMepHMOCTH. XoTH H CcJjOpMHpOBaHHbie Ha paSJIHHHblX 
CTaflHHX paSBHTHa TeopHH MHOJKeCTB H C paSJIHHHblMH MOTHBau;HH- 

MH, 3TH THHOTesbi OKasajiHCb cJjopMHpyroH^HMH AUHeuHi/K) Hepap- 

XHK), HpOCTHpaiOHl,yiOCH flfl HpOTHBOpeHHBblX yCHJieHHH MOTHBH- 
pyiOni,HX KOHH,eHH,HH. Bee HSBeCTHbie TeOpeTHKO-MHOJKeCTBeHHbie 

yTBepjK/i;eHHH 6bijiH BOBjieneHbi b STy nepapxHio b TepMHHax ch- 
jibi coBMecTHOCTH, H HOJiyHaKJH^aHCH CTpyKTypa HMHjiHKau;HH o6ec- 
HeHHBaeT saMenaTejibHO GoraTyro, fleTajibnyro h corjiacoBaHHyro 
KapTHHy CHjibHeitniHX yTBepjKfleHHit MaTeMaTHKH, BjioacenHbix b 
TeopHK) MHOJKeCTB." (KaHaMopH [9]). 

JXannaa pa6oTa cocTaBjiaeT nepByro nacTb BToporo HSflaHHH pa6o- 
Tbi |17] . KOTopaa npeflCTaBjiaeT flOKasaTejibCTBo TeopeMbi: 

OcHOBHaa TeopeMa {ZF) 

He cyvnecmeyem cAa6o nedocmuMcuMoao napdunaAa 



^OKasaxejibCTBo stoh TeopeMbi HOJiynaexcH b pesyjibxaxe hc- 
HOjibsoBaHHH annapaxa cyGneflocTHJKHMbix KapflnnajioB, KOTopbii! 
aBTop paapaGaTbiBaji HaHHHaa c 1976 ro^a, oflnaKO HeKOToptie 
ero TexHHHecKHe fleTajiH pa3pa6aTbiBajiHCb HaHHHaa c 1970 ro- 
fla. Hflea sToro flOKasaTejibCTBa BosHHKjia b 1984 rofly (xoth na- 
HajiBHbie npnGjiHJKeHHH k nelt Gbijih npeflnpHHSTbi aBTopoM na- 
HHHHaa c 1973 ro/;a) h b 1996 rofly ona npHHHJia CBoro nacTOH- 
myro 4)opMy. OcHOBHbie TexHHHecKHe cpe^cTBa SToro flOKaaaTejib- 
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CTBa - c]3opMyjibHbie cneKTpbi h cyGneflocTHJKHMbie Kapflnnajibi - 
6biJiH pa3pa6oTaHbi b |1U) : peflyii;HpoBaHHbie cneKTpbi a MaTpHii,bi 
- B |llfll3) : flHcceMHHaTopbi h (5-MaTpHii;bi - b |13) : MaTpHHHaa 
HHcJaopMaTHBHOCTb 6bijia paspaGoTana aBTopoM b |14) : MaTpHH- 
Hbie 4)yHKii;HH - b |15| . ^oKaaaTejibCTBo ochobhoh TeopeMbi 6bijio 
npeflCTaBjieno BnepBbie b |15) , a ero 6ojiee npospaHHbili a nojiHbiit 
BapnaHT - b |16) : 6ojiee CHCTeMaTHHecKoe H3Jio>KeHHe Bcero 3Toro 
HccjieflOBaHHH 6biJio npe/;cTaBJieHO b |17) . 

OflHaKO BbicKasbiBajiacb KpHTHKa, ynpeKaiomaa STy pa6oTy |17) 

B TOM, HTO OHa neflCTaBJIHeT Co6oH TeopHK) CJIHLUKOM CJIOJKHyK) H 

neperpyjKeHHyio TexHHHecKofi CTopoHoft HccjieflOBaHHH b ymep6 
HBHOMy pasBHTHK) 6a30Bi.ix Hflelt, KOTopoe flojiJKHO npeflinecTBO- 
BaTb Hx TexHHHecKOH peajiH3aii;HH. 

3th o6cToaTejibCTBa flejiaroT JKejiaTejibHoii onpe/i,ejieHHyK) npe/;- 
BapHTejiBHyK) 3Kcno3Hii,Hio Bcero MaTepnajia, CBo5o/i,Hyio ot nopp6- 
Hbix ynpeKOB. 

HTaK, HacTOHmaH pa6oTa npeflCTaBjiaeT co6oit nepByio nacTb 
BToporo HBflaHHH |17) . npnsBaHHyro hx npeoflOJieTb. 

/],OKa3aTejibCTBO ochobhoh TeopeMbi HOjiynaeT b 3toh pa6oTe 
CBOK) 6ojiee npoapaHHyio h yHpoHi,eHHyio 4)opMy, xoth h BbisBan- 
Hyro HeKOTopbiM ecTecTBennbiM yjiynmeHHeM b saKjiroHHTejibHOM 
OHpeflejieHHH 8.2 [17] hohhthh a-4)yHKH,HH, h hohhthb nyjieBoft 
xapaKTepHCTHKH HO/;BeprHyTO sflecb 6ojiee fleTajitnoMy paccMOT- 

peHHK). 

3th o6cToaTejibCTBa flejiaroT bosmojkhbim ynpoH^eHHe o6cyjKfle- 

HHH a-4)yHKH,HH H HX CBOftCTB. B pesyjIBTaTB (JjHHaJIbHaH HaCTb 

flOKasaTejibCTBa ochobhoh TeopeMbi npeflCTaBjiaeTCH b ee 6ojiee 
ecTecTBeHHOH H HpospaHHOH 4)opMe. Ho B H,ejioM TexHHHecKaa cto- 
poHa MaTepnajia HOBTopaeT s^ecb |17] , ho 6ojiee cHCTeMaTHHecKHM 
o6pa30M. 

Oco6oe BHHMaHHe y^ejiaeTca cyn^ecTBennoMy npeflBapHTejib- 

HOMy paSBHTHK) H OHHCaHHK) Hfleft BCeX OCHOBHblX KOHCTpyKH,HH H 

paccyjKfleHHH. 



11 



CjieflyeT noflnepKHyTb, hto flOKasaTejibCTBO ochobhoh TeopeMbi 
saHHMaeT s^ecb tojibko § 11 BTopott nacTH 3toh pa6oTM. Hpeflme- 
CTByiomHe JKe pasflejibi nocBHiii,eHbi GaaoBoli h cneii,HajibHoft Teo- 

pHHM CyGneflOCTHJKHMOCTH, KOTOpbie XOTH H HCnOJIbSyiOTCH fl^Jia 

paspaGoTKH Hfleft h TexHHKH 3Toro flOKasaTejibCTBa, oflnaKO hmb- 
K)T caMOCTOHTejiBHoe SHaneHHe. 

HpeflBapHTejiBHO flejiaeTCH oGsop MaTepnajia |10fll6) , Heo6xoflHMO- 
ro fljia BToro flOKaaaTejibCTBa. TexHHHecKH npocTbie fleTajin 5yflyT 

OnyCKaTbCH. CBefleHHH H3 TeopHH MHOJKeCTB, nOHHTHa H CHMBOJIH- 

Ka, Heo6xoflHMbie fljia flajiBHeftrnHX paccyjKfleHHH, o6ii];enpHHHTbi 
H HaxoflHTCH, HanpHMep, b saMenaTejiBHOH pa6oTe Hexa [18], ko- 
Topaa o6ecneHHBaeT HanajibHoe HSJiojKeHHe MaTepnajia h ropasflo 
6ojiee Toro, nosTOMy ohh 6yflyT CHHTaTbca nsBecTHbiMH h nacTO 
6yflyT HcnojibsoBaTbCH 6e3 xoMMeHTapneB. 

IljiaH 3Tofi pa6oTbi mojkho onncaTb cjieflyromHM oGpasoM. 
Toro, HToGbi H3JiaraTb H/;eH SToft pa6oTbi, Tpe6yK)TCH cneLi,H- 

ajIBHbie nOHHTHH H TepMHHbl. 

C 3TOH ii,ejibro nepBaa nacTb 3toh pa6oTbi, rjiaBa I, nocBHmeHa 
pasBHTHK) 6a30BOH TeopHH, Heo6xoflHMOH fljiii BBefleHHH Tpe6ye- 
Moro p^jia 3Toro MaTepnajia. 

Cneii,HajibHaH ii,ejib Bcex 3thx Hccjie^OBaHHH ^ejiaeT bosmojkhbim 
orpaHHHHTb Hx caMOH ysKOH BepcHeft. 

HTaK, npeflnojiaraeTCH cymecTBOBanne neKOToporo neflocTHJKHMO- 

ro Kap/;HHajia k KOTOptlft OCTaeTCH He/I,OCTHJKHMbIM B KOHCTpyK- 
THBHOM KJiaCCe L H BCe paCCMOTpeHHH H paCCyjKfleHHH npOBO/;HTCH 

B MOflejiH Lfc HjiH B ee renepHHecKHX pacniHpeHHHX, BbisbiBaa sa- 
KjiroHHTejiBHoe npoTHBopeHHe. 

B § 1 npe/i,CTaBjiHeTCH KpaTKoe H3JiojKeHHe ap^ea /;oKa3aTejib- 
CTBa OCHOBHOH TeopeMbi B ee nepBOM HpnGjiHJKeHHH, 6e3 bxojk- 
fleHHH B fleTajiH. O^naKO CTporoe BBe^enne 3toh Hflen Tpe6yeT 
nocjieflOBaTejiBHoro BBefl^enasi hobbix noHHTHit h cpe/;cTB, Heo6- 

XOflHMblX Ha KaJKflOH CTaflHH, TaK KaK BCH TeopHH pa3BHBaeTCH 
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KaK cepna nocjieflOBaTejibHbix npnGjiHJKeHHH, BbisBaHHbix neKOTO- 
poft HeflocTaTOHHOCTi.ro 3TOH HflCH B 66 Hp6flm6CTByroH^HX (JjopMax. 
IloBTOMy OHa HOjiyHa6T CBoro 6oji66 yTOHHennyro 4)opMy nocjie^o- 

BaTejIbHO, BOBJI6KaH Ha KaJKflOii CTa^HH H66xOflHMyro T6XHHKy HO 
Mep6 H6o6xOfl;HMOCTH. 

BCHKHH flpyrOH CHOC06 HpCflCTaBJICHHH 3TOH Hfl,6H, TO 6CTb C Ca- 

Moro Hanajia b ce OKOHuameAbHou ^opjue, flajK6 663 fl6TajiH3aH,HH 

H CTporOCT6H, 6bIJI 6bl H66CT6CTB6HHbIM H H6MOTHBHpOBaHHbIM. 
TaK»:6 § 1 COfl;6pjKHT H6KOTOpbI6 XOpOHIO H3B6CTHbI6 KJiaCCHH6CKH6 
CB6fl6HHa. 

B § 2 BBOflHTCH (pOpMyAbHUe CnCKmpU (0Hp6fl6JI6HHH 2.3, 2.4). 
FoBOpa 3fl6Cb B o6h1,HX HCpTaX, CH6KTP flaHHOH 4)OpMyjIbI ip H6KO- 

Toporo ypoBHH n - 3to 4)yHKH,Ha, cofl6pjKaH;aH ecm UH^opMa- 

V,UK) O 66 CyH;6CTB6HHbIX HCTHHHOCTHblX CBOHCTBaX BO eCCX Te- 
H6PHH6CKHX paCHIHp6HHHX MOfl6JIH Lfc OHp6fl;6JieHHOrO BHfla HO- 

cp6flCTBOM r6H6pHH6CKHX yjiBTpacjaHJiBTpoB Ha (wq, ^)-ajir66p6 B 

J16BH. TaKOH CH6KTP HM66T o6jiaCTb 3HaH6HHH, COCTOHH];yro H3 eCEX 

cymecmeeHHUx 6yji6Bbix 3HaH6HHH b B stoh 4)opMyjibi, to 6CTb 
66 6yAee cneKinp, a o6jiacTb OHp6fl;6Ji6HHH, cocTOHHj,yro h3 coot- 

B6TCTByroHl,HX OpflHHajIOB , Ha3bIBa6MbIX OpduHGAaMU CKaUKa 3TOH 
4)OpMyjIbI, o66CH6HHBaroH;HX TaKH6 3HaH6HHH, TO 6CTb 66 OpflH- 
HajIBHblH CHCKTp. 

Cp6fl,H BC6X CHCKTpOB HaH6ojI66 HHT6p6CHbI TaK Ha3bIBa6MbI6 

ynueepcaAbHue cnenmpu (oHp6fl6ji6HH6 2.6), o6T.6fl,HHHroHi,H6 ece 

4)OpMyjIbHbI6 Opfl;HHajIbHbI6 CH6TpbI flaHHOTO ypOBHH U B 6fl,HHbIH 
CH6KTP (jI6MMa r2.7p . 

3th HOHHTHH paCCMaTpHBaroTCH TaKJKC B HX p6JIHTHBH3HpOBaHHOH 
4)OpM6; B 3TOM CJiyHa6 OrpaHHHHBaroHl,HH OpflHHajI a < k BbI3bI- 
Ba6T BC6 HCTHHHOCTHbI6 CBOHCTBa cJaopMyjIbI If BO BC6X paCCMaT- 
pHBa6MbIX pacmHp6HHaX MOfl;6JIH Lfc, OrpaHHH6HHbIX OpflHHajIOM 
a, HOTOMy a Ha3bIBa6TC5I HOCUmeAtM COOTB6TCTByroHl,6rO CH6K- 

Tpa 3TOH 4)opMyjibi. 
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Ilocjie 3Toro, hmbh b pacnopiCKeHHH cjpopMyjibHbie cneKTpbi, 

Mbl BBOflHM B § 3 LI,eHTpajIbHOe HOHHTHe 5a30BOfi TBOpHH - HOHH- 

THe cydHedocmuoKUMOcmu (onpe^ejieHHe 3.1). FjiaBHoe cbohctbo 

cy6He;];ocTHJKHMoro op/];HHajia a ypoBHH n coctoht b neeoa- 
MOOKHOcmu docmuMceHUH 3Toro op^HHajia "cpe;;cTBaMH asbiKa" 

ypOBHH n. TaK KaK HCTHHHOCTHbie CBOHCTBa 4)OpMyjI SaKJIIOHeHbl 

B Hx cneKTpax, to sto osnanaeT, hto op^HHaji a BKjiiOHaeT b 
ce6H Bce cJjopMyjibHbie cneKTpbi ypoBHH n c KOHCTaHTaMH < a 
H, TaKHM o6pa30M, He MOJKeT 6biTb flocTHrnyT TaKHMH cneKTpaMH. 
3^ccb MOxcHO yBHfleTb onpeflejieHHbie napajiJiejiH c caMHM hohh- 
THeM HedocmuotcuMocmu (cm. saMenaHne nocjie onpeflejieHHH 3.1). 

HeKOTopbie npocTbie CBoncTBa hohhthh cySneflOCTHxcHMOCTH 
/];ejiaioT bosmojkhmm BBepfiHue TaK HasbisaeMbix cy6Hedocmuoicu- 
Mo ynueepcaAhHux 4>opMyji h hx cneKTpoB, o6jiaflaK)ii],Hx tojib- 
Ko cyGHeflocTHxcHMbiMH opflHHajiaMH CKaHKa MeHbniHx ypoBHefi 
(onpeflejieHHe 3.9). B nocjieflyromefi TeopHH TaKne cneKTpbi ^o- 
CTaBjiaroT OHCHb yfloSnbie TexHHnecKHe cpe^CTBa. 

B § 4 BosHHKaeT npo6jieMa "cjiojkhocth" cneKTpoB, KOTopyro 
ecTecTBCHHo npeflCTaBjisiTb KaK nopaflKOBbm thh cncKTpa. IIohth 
OHeBHflHO, HTO TaKaH xapaKTcpHCTHKa cncKTpa flOJixcHa Heorpa- 
HHHeHHO BospacTaTb BMecTe c yBejiHHeHHeM ero HOCHTejiH flo k. 
no3TOMy HanGojiee BaJKHbie acneKTbi 3toh CHTyaii;HH HccjieflyioT- 
CH fljiH pedyVfUpoeaHHux cncKmpoe (onpe^ejieHHe 4.1), nojiyneH- 
HbDc peflyKn,HeH hx SyjieBbix SHaneHHH k HeKOTopoMy saflaHHOMy 
Kap/];HHajiy x, nocjie nero TaKne cneKTpbi nojiynaiOT nopa^KOBbie 

THHbl < ■ 

OcHOBHOH pesyjibTaT SToro pasflejia, jieMMa 4.6 o cneKTpajibHOM 
THne, noKasbiBacT, hto npn ncKOTopbix ecTecTBeHHbrx h KpeaTHB- 
Hbix ycjioBHHX nopH/];KOBbiH Tun cy6He/];ocTHJKHMO yHHBepcajibHO- 
ro cneKTpa, peflyii,HpoBaHHoro k x na HocHTejie a, npeBocxoflHT 
BCsiKHH opflHHaji < onpeflejiHMbifi hh^kc a (Sojiee tohho, 
onpeflejiHMbiH HHxce ero neKOTopbix opflnnajiOB CKanKa). 
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0/;HaKO TeM He Menee TaKne cneKTpbi na pasjiHHHbix HOCHTe- 
jiHx TpyflHo cpaBHHBaTb flpyr c flpyroM, noTOMy hto hx o6jiacTH 
onpeflejieHHsi - opflHHajibHbie cnexTpbi - coctoht h3 opflnnajiOB, 
BOspacTaiomHx HeorpaHnneHHO, Kor^a hx HOCHTejiH BOspacTaroi 
pp HeflocTHJKHMoro KapflHHajia k. 

IIosTOMy B § 5 Mbi o6paii],aeMCH k pedyii,upoeaHHUM Mampuv^aM 
(onpe^ejieHHe 5.1), nojiynaeMbix h3 peflyn,HpoBaHHbix cySneflOCTH- 
xcHMO yHHBepcajibHbix cneKTpoB H30Mop4)HOH saivieHOH HX oSjia- 
CTelt onpeflejienne na cooTBeTCTByromne op^HHajibi. TepMHH "MaT- 
pHi];a" 3/i,ecb Bnojine yMecTen, Tax KaK bosmojkho HcnojibsoBaHHe 
flByxMepHbix, TpexMepHbix cneKTpoB h iviaTpHn, h t. j\. fljisi 6o- 
jiee TOHKoro anajiHsa HCTHHHOCTHbix cbohctb 4)opMyji (HMeHHO na 
3TOM nyTH aBTop B TeneHHH flojiroro BpeivieHH npoBOflHji cboh na- 
HajibHbie HccjieflOBaHHH stoh TeMbi). 

B 1977 rofly aBTop ycTanoBHji ochobhoh pesyjibiaT 9Toro pas^e- 

Jia, JieMMy 5.11 O MaTpHHHOH HH4)OpMaTHBHOCTH, HOBOJIJHOIIiyiO 

BHfleTb, HTO TaKaa MaTpHii;a MOJKeT co/];epjKaTb ecm UHcfiopMaiiiUm 
o KaMcdou HanajibHOH nacTH KOHCTpyKTHBHoro yHHBepcyMa h, 6o- 
jiee Toro, o ecex hx renepHHecKHx pacniHpeHHsix, orpaRHHenHbix 
ee HOCHTejieM (h cnoBa, 6ojiee tohho, orpaHHHeHHbix opflnnajia- 
MH CKaHKa cooTBeTCTByromero cneKTpa na 3tom HOCHTejie) . TaKHM 
o6pa30M, 3Ta HH4)opMau,HH coxpaHHeTCH npH nepexofle ot oflHoro 
HOCHTejiH 9TOH MaTpHn,bi K flpyroMy ee HOCHTejiio. 

3aTeM, nocjie 4)opMHpoBaHHJi neoSxoflHMbix hohjithh h TepMH- 

HOB, rjiaBHbie HHCTpyMeHTbi /^OKasaTCjibCTBa ochobhoh TeopeMbi 
- MampuHuue c^ynKii^uu - BCTynaiOT b ^CHCTBHe. Taxne MaTpHH- 

Hbie 4)yHKH,HH HpeflCTaBJISHOT C060H HOCJieflOBaTejIbHOCTH MaTpHH,, 

peflyn,HpoBaHHbix k Tax HasbiBaeMOMy noAHOMy KapdunaAy x* 
(oHpe/];ejieHHe 5.4), tohhoh BcpxHclt rpann yHHBepcajibHoro opp^- 
HajibHoro CHCKTpa /;aHHoro ypoBHH. CnaHajia npocTeftniaH BepcHH 
TaKOH 4>yHKH,HH (oHpeflejieHHH 5.7, 5.14) npeflCTaBjiaeTCsi b KOHn,e 
§ 5. 3aTeM 9Ta Bepcnsi yTOHHsieTCH nocpeflCTBOM npHflanHJi 9thm 
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MaTpHii,aM TaK naabiBaeMbix ducceMunamopoe (onpe/;ejieHHe 6.1) 
- cneLi,HajibHbix KapflnnajiOB, pacnpocTpaHHioii],Hx HH4)opMaLi,Hio o 
HHxcHHx ypoBHJix yHHBepcyMa flo Hx HOCHTejien (Sojiee tohho, flo 
opflHHajiOB CKaHKa cooTBeTCTByiomero cnexTpa na laKHx HOCHTe- 

JIHX). 

IIoSTOMy § 6 nOCBHmeH HCCJlC^OBaHHIO 9TOrO nOHHTHH flHCCeMH- 
HaTOpOB B erO CaMOH Se^HOH 4)OpMe B COOTBeTCTBHH C OCHOBHOH 

ufinbio; B 3TOM pasjicnc mbi npc;];cTajiHeM neKOTopbie ueTOffbi no- 

JiyHeHHH MaTpHIl, H MaTpHHHblX 4>yHKU,HH, CHa6jKeHHbIX TaKHMH 
flHCCeMHHaTOpaMH . 

Ha 3TOM 3Tanc saBepmaeTCJi nocTpoeHne 6a30BOH TeopHH. 3flecb 
ecTecTBeHHo KpaTKo npeflCTaBHTb nocjieflyiomyio BTopyio nacTb 
9TOH paSoTbi, ee rjiaBbi 2 h 3. Hcnojibsya annapai, pa3pa6oTaH- 
HbiH B nepBOH nacTH, nanHHaeT flencTBOBaTb cnen,HajibHa5i Teopna 

MaTpHHHbix (^-cjjyHKitHH (onpc;];cjicHHH 7.1, 7.2), Bbipa6aTbiBaio- 

maH HCKOTOpbie HHCTpyMeHTbl KOppeKLI,HH Heo6xOflHMbIX TeXHHHe- 
CKHX CpeflCTB. 

B § 8 9TH 4)yHKn,HH pasBHBaiOTCH pf> a-4)yHKn,HH, npeflCTaB- 
jiHiomHx C060H HHCTpyMeHT flOKasaTejibCTBa OCHOBHOH TeopeMbi B 
ero OKOHHaTejibHOH 4)opMe. 

B §§ 9, 10 Hccjie/i,yioTCfl cBolicTBa a-(\)yHKi\aR. 

Sia HH4)opMan,H5i oSecnennBaeT flOKasaiejibCTBO ochobhoh Teo- 
peMbi, HpeflCTaBjieHHoe b § 11. Ilocjie 9Toro b § 12 nsjiaraiOTCH 
HeKOTopbie cjieflCTBHJi 9TOH TeopeMbi H flpyrnx xopomo HSBecTHbix 
pesyjibTaTOB. 

Cjie^yeT Taicace oSpaTHTb ocoSoe BHHManne na HpHMenanHH b 
KOHLi,e Bcefi paSoTbi. 
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FjiaBa I 



Ba30Baa Teopna: 

cy6He^ocTH:»CHMOCTb, (J^opMyjibHbie 

CneKTpbl H MaTpHLI,bI, ^HCCeMHHaTOpbl 



1 npe;],BapHTejii>Hi>ie CBe^eHHH 

Mbi flOKajKeM, HTO aKCHOMaTHHecKaa cncTeivia 

ZF + 3A; (A; 3mo CAa6o HedocmuofcuMuu KapdunaA) 
npoTHBopeHHBa. 

B flajibHenmeM Bce paccyjK/],eHH5i npoBOflaTca b 9toh TeopHH. 

KaK yxce Sbijio OTMeneHO Bbime, ap^ea flOKaaaTejibCTBa ochob- 
HOH TeopeMbi flOBOJibHO cjioxcHa H HenpospaHHa, no9TOMy xcejiaie- 
jieH HeKOTopbiH ee npeflBapHTejibHbilt anajins. 

HaHjiyHiuHH o6pa3 flelicTBHH coctoht b ee BBefleHHH b Tpex no- 
cjieflOBaTejibHbix CTaflnax, yTOHHsm ee na Kaxcflofi nocjieflyiomeit 
CTaflHH nocpeflCTBOM paspaSoTKH cooTBeTCTByromnx hobbix hohsi- 
THH H HHCTpyMeHTOB, npHSBaHHbix npeo/];ojieTi. neKOTopbie npe- 
nHTCTByioii],He oco6eHHocTH ee npeflmecTByioii],Hx BepcHii. 
TaKHM o6pa30M ona CTanoBHTCsi cymecTBenHO 6ojiee ycjioxcneHHOH 
Ha KaacflOH CTa^HH h nojiynaeT cbok) OKOHHaTejibnyio (J)opMy b § 8. 

KpaTKoe onncaHHe stoh apisa coctoht b cjic/^yromeM. 

BnepBbie sTa Hflea BosHHKaeT b KOHLi,e § 5 h onnpaeTCH na Max- 
pHHHbie (J)yHKii,HH, KOTopbie npeflCxaBjiJiiOT coSoH nocjieflOBaTejib- 
HOCTH MaxpHLi,, peflyn,HpoBaHHbix K onpeflejieHHOMy 4)HKCHpoBaH- 
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Fjiasa I. EasoBaa Teopna 



HOMy Kap/];HHajiy. 

MoJKHO nojiyHHTb flocTaTOHHO afleKBaTHoe npeflCTaBjienne o TaKoft 
4)yHKii,HH, ecjiH npeflBapHTejibHO oanaKOMHTbCH co cjieflyioiii,HMH 
noHHTHHMH B o6iii,HX HepTax: noHHTHHMH (JjopMyjiBHoro cneKTpa 
(onpeflejieHHa 2.3, 2.4), yHHBepcajiBHoro cneKTpa (onpeflejienne 
2.6, jieMMa 2.7), cyGneflocTHJKHMOCTH (onpeflejienne 3.1), cyGne- 
flocTHJKHMO yHHBepcajiBHoro cneKTpa (onpeflejienne 3.9), peflyn,H- 
poBannbix cneKTpoB n MaTpnu, (onpeflejienna 4.1, 5.1) n cnnryjiap- 
Hbix MaTpnu; (onpeflejienne 5.7). 

Ha 3THX ocHOBaHHHX npocTenniHe MaTpnnnbie 4)ynKn,HH 



BBOflHTCH KaK nocjieflOBaTejibnocTH TaKHX cnnryjiHpnbix MaTpnu; 
cnen,najibnoro Bn^a (onpeflejienna 5.13, 5.14). 
TaKaa 4)ynKn;nH nMecT o6jiacTb snanennn, cocTOHn^yro ns cnnry- 
jiHpnbix MaTpnn,, pe/;yn;npoBannbix k ncKOTopoMy cJjnKcnpoBanno- 
My Kapflnnajiy x ^ MnnnMajitntix b cmbicjib reflejieBoit 4>ynKn,nn 
Od na cooTBeTCTByK)ni,nx nocHTejiax; bto sa^anne MaTpnnnon 
4)ynKn,nn OHeBH^no BbisbiBaeT ee MonoTonnocTb b tom jkb cmbicjib 
(jicMMa 5.17 1) ). 06jiacTb onpe^ejiennH TaKon 4)ynKn,nn cocto- 
nT n3 opflnnajioB n Koncjannajitna neflocTn»cnMOMy Kap^nnajiy k 
(jieMMa I5.18P 

Pojib pe/;yn;npyK)n;ero Kap/;nnajia x ^ /^ajibnenniBM nrpaeT rjiaB- 
nbiM o6pa30M nojinbin Kap/;nnaji x* (onpe/i,ejienne 5.4). 

Tenepb BosnnKaeT n^ea flOKasaTejibCTBa ocnoBnon TeopeMbi b 
ee HauaAbHou (fjopMe: 

Tpe6yeMoe npomueopeuue CAedyem noAyuumb nocpedcmeoM co- 
sdaHUH MampuHHOu (pyHKV,uu, Komopan doA^tcna odAadamt necoe- 
MecmnuMU ceoucmeaMu: oim doAcucna 6umb MOHomoHua u e mo 
Mce epcMH doAMCHa 6umb Aumena amou MOHomoHHOcmu. 

OflnaKO na btoh CTa^nn nenocpeflCTBennoMy /;oKa3aTejibCTBy ncMO- 
noTonnocTn 3toh (]pyHKn,HH npenHTCTByeT cjieflyK)ni,ee HBjienne: 




1. npe/i;BapHTejibHbie CBe/i,eHna 
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CBoitcTBa paccMaTpHBaeMoro yHHBepcyMa HSMenaioTCH nocjie ero 
orpaHHHeHHH HOCHTejiHMH SHaHeHHH 9TOH cJ)yHKii,HH - pe/i,yLi,Hpo- 

BaHHbDC MaTpHI], Sy^r (STO MOXCHO BHfleTb H3 oScyXCfleHHH B KOHLI,e 

§ 5 nocjie jieMMbi 5.18). 

HivieHHO fljiH Toro, htoGbi npeoflOJieTb 9to npcnaTCTBHe, Hann- 
HaeTCH npoii;ecc TpanccJjopMai^HH MaTpHHHbix 4)yHKii,HH. 
BBOflHTCH cnei^HajiBHbie KapflHHajibi - ducceMunamopu (onpeflejie- 
HHe 6.1, jieMMbi 6.2, 6.3). 3to noHsiTHe HcnojibsyeTca s^ecb jinnib 

flJIH TpaHc4)OpMaLI,HH MaTpHHHOfi 4)yHKn,HH B HaniHX LI,ejI5IX, XOT5I 

HMeeT 6ojiee mnpoKoe caMOCTOHTejibHoe SHaneHne. 

C 3TOH ii,ejibio ee sHaneHHa, MaTpHLi,bi 5^^, cHa6jKaioTCH onpe/i,e- 

jieHHbiMH flHcceMHHaTopaMH, npoflOJixcaiomHe neoSxoflHMbie cboh- 

CTBa yHHBepcyMa c ero hhxchhx ypoBnefi flo hx HOCHTejielt (toh- 

Hee, flo HX ocoSbDc KapflHHajiOB HpeflCKaHKa, OHpe^ejieHHa 6.1, 5.9, 

6.9). 

riocjie SToro b HOCJie^yion^eH BTopoH nacTH HacTOsm^efi pa5oTbi 
coBepmaeTCH BTopoe npHSjinxceHHe k n^ee flOKaaaTejibCTBa ochob- 

HOH TBOpeMbl H MaTpHHHaH (JjyHKI^HH TpaHc4)OpMHpyeTCH B S- 

(pyHKVtUK), KOTopaa TaioKe onpeflejiena na MHOJKecTBe opflnnajioB, 
KOH4)HHajibHOM k (onpeflejieHHsi 7.1, 7.2, jieivnvia 7.6). 

Ho B pesyjibTaie sia HOBaa 4)yHKn,H5i, naoSopoT, TepaeT cboio 

MOHOTOHHOCTb (sTO MOJKHO BUflfiTb H3 o6cyXCfleHH5I 9TOH HOBOH CH- 

TyaiiHH B KOHLi,e § 7 nocjie jicmmm 7.7). 

Bbixo^ H3 3Toro HOBoro saTpyflHHTejibHoro nojioxcenHH coctoht b 
TpeTbeM npHSjiHxceHHH k H^ee floxasaTejibCTBa, to ecTb b Tpanc- 
4)opMaLi;HH 3TOH nocjief^Hca 4)yHKLi;HH b ee 6ojiee cjioKHyro pe- 
KypcHBHyio 4)opMy - Tax HasbiBacMyio a-^yHKV,UK) (onpeflejie- 
HH5I 8.1-8.3), KOTopaa Taicace onpeflejiena na MHOxcecTBe op^HHa- 
jiOB, KOH(J)HHajibHOM k (jieMMa 8.9). 3to peKypcHBHoe onpe^ejie- 
HHe ccJjopMHpoBaHO TaKHM o6pa30M, HTO Ha KaJKflOM mary cjiynan 
HOflTBepjKfleHHH MOHOTOHHocTH Tpe6yioTCH B nepeyw OHepeflb (Tax 
HTO OHH CHa6xcaK)TCJi "eduHUHHOu xapaKmepucmuKou") , b to Bpe- 
Msi KaK cjiynan HapymeHHsi mohotohhocth paapemaiOTCsi bo bto- 



20 



FjiaBa I. EasoBBsi reopna 



pyio OHepeflb, sa HeHMCHHeM HHHero jiyHinero (h ohh othochtch k 
"nyjieeou xapaKmepucmuKe") . 

TaKHM oSpaaoM, npnopHTeT b 9toh peKypcHH npHHafljiexcHT sna- 

HeHHHM MaTpHHHOH (]3yHKLi;HH e/^HHHHHOH XapaKTepHCTHKH H HMeH- 

Ho nosTOMy HsGcraroTCH cjiynaH HapymcHHH ee mohotohhocth. 

B pesyjibTaTe Q-4)yHKLi,HH, HaKoneii,, ^ocTaBjiHeT Tpe6yeMoe 
npoTHBopeHHe: ona ne MOxceT Sbitb mohotohhoh (Teopeivia 1) h b 
TO xce BpeMH ona oSjia^aeT cbohctbom mohotohhocth (Teopeivia 2) . 

TaKOBa Hflea flOKaaaTejibCTBa ochobhoh TeopeMbi b o6ii],hx nep- 
Tax; Sojiee ^eTajibHoe ee OHHcanne bobjickjio 6bi cjinniKOM mhofo 
TexHHHecKHx fleTajien. IIosTOMy BMecTO SToro 6ojiee y^oGno ho- 

CJieflOBaTb OSHaKOMJICHHIO C ynOMHIiyTblMH BbimC nOHHTHHMH {pfl 

KOHii;a § 6) 6e3 BxojKfleHHH b flCTajiH a oGxoflHCb, MOJKeT 6biTb, o6- 
mHMH npeflCTaBjieHHHMH. Hcnojibsya flpyroit noflxofl (npeflCTaB- 
jienne stoh H^eH c caivioro nanajia b ee OKOHHaTejiBHofi 4)opMe) 
MOJKHo nojiyHHTb KapTHHy eme 6ojiee cjiojKHyio, hbm HSJioxceHnaa 
Bbime, saTeMHeHHyio hjih ^ajKe GeccoflepjKaTejibHyio. 

Ilocjie 9Toro nepeiifleM k peajiH3aLi,HH HaMeHeHHOfi Bbime npo- 
rpaMMbi. 

Cjia6o He/];ocTHJKHMbie Kap/];HHajibi CTanoBHTCH CHjibHO nejifl- 

CTHJKHMblMH B KOHCTpyKTHBHOM KJiaCCe FeflejIH L] HanOMHHM, 
HTO 9TO KJiaCC SHaHeHHH KOHCTpyKTHBHOH 4)yHKLI,HH FeflejIH F, 

onpeflejieHHOfi na Kjiacce Bcex opflnnajiOB. Kaac^oe MHOJKecTBO 
a E L nojiynaeT cboh opflHHajibHbifi HOMep 

Od{a) = min{Q; : F{a) = a}. 

EcjiH a 3TO opflHHaji, TO La o6o3HaHaeT HaHajibHbiH cerMeHT 

{ae L : Od{a) < a} 

9Toro Kjiacca. HanajibHaa CTpyKTypa b flajiBHefiinHx paccyxc/],eHH- 



1. TIpeflBapHTejibHbie CBefleHHa 
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HX - 3TO CHeTHblH HaHajIbHblH cerMeHT 

Tl= (L^o, G, =) 

Kjiacca L, cjiy»camHH CTaHflapTHoft MO/i,ejibio TeopHH 

ZF + V = L-\-3k {k CAa6o nedocmusfcuMuu Kapdunaji). 

B fleftcTBHTejibHOCTH 5yfleT HcnojibsoBana tojibko KoneHHaa nacTb 
3Toit CHCTeMbi, TaK KaK 6yflyT HcnojibsosaTbCH cjaopMyjibi neKOTO- 
pofi orpaHHHeHHoii fljiHHbi, KaK 3to 6yfleT acHo hs flajibHeftmero. 
Bojiee Toro, cneTHOCTb 3toh MOflejin HcnojibsyeTca tojibko ^jih 
HeKOToporo TexHHHecKoro yflo6cTBa (cm. HHJKe) h mojkho Bnojine 
o6oHTHCi. 6e3 Hee, fleftcTBya b 6yjieBOM yHHBepcyMe. 

Be3fle /i,ajiee k - sto MUHUManbHuu HedocmuMCUMUu Kapdu- 
HUA e DJt. Mbi 5yfleM HccjieflOBaTb ero "HSHyTpn", paccMaTpHBaa 
HepapxHK) cy6HeflocTHJKHMbix KapflHHajioB < A;; nocjieflnne "neflo- 
CTHJKHMbi" nocpeflCTBOM (JjopMyji onpeflejieHHoro ajieMeHTapnoro 
HSbiKa. JXna nojiyneHHa flocTaTOHHO 6oraTOH nepapxHH TaKHX Kap- 
flHHajioB cjieflyeT cooTBeTCTBeHHO HcnojibsoBaTb HeKOTopyro flo- 
CTaTOHHO 6oraTyK) ajire6py hcthhhocth B. Xopomo hsbcctho 
(KpHHKe |19)). HTo KajKflaa 6yjieBa ajire6pa BKjia/;biBaeTCH b no/;- 
xoflHmyro (loq, /u)-ajire6py CMeiii,eHHH h noBTOMy HaniHX i^ejieli 
B KanecTBe B ecTecTBeHHO HcnojibsOBaTb cyMMy ceMeitcTBa TaKHX 
ajire6p MomHOCTH k, to ecTb {loq, k)- anreGpy Jlesvi B. 

J^Jisi HaniHX ii,ejieH yfloGno Hcnojib30BaTb STy ajire6py b cjie- 
flyromeM BH^e. IlycTb P G 9Jt bto MHOJKecTBO Bi.iHyjK/];aK)iii,HX 

yCJIOBHH - KOHeHHblX cJjyHKI^HH p C k X k TaKHX, HTO flJIH KaJK- 

floro npeflejiBHoro a < k a n ^ ujq 

a + n € dom{p) — > p{a + n) < a; 

TaKJKe nycTb p{n) < n p^jia a = 0. Ha P bbo/;htch OTHomeHHe 
< HacTHHHoro nopHflKa no o6paTHOMy BKjironeHHro: 

Pi < P2 < — > P2 ^ Pi- 
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Hocjie 3Toro P hjiotho BKjia/];biBaeTCH b 6yjieBy ajire6py B G 9H, 
cocToamyro h3 peryjiapHbix ceneHnA C P h nojinyio b 9K. Ha B 
onpeflejiaeTCH OTHomeHHe HacTHHHoro nopaflKa <: 

Ai < A2 < — > Ai C A2, 

a TaKJKe 6yjieBbi onepaii,HH •, +, Y\, ^ (cm. [18]) onpe^ejiHioTCH 
Ha B. KaJKfloe ycjioBne p & P OTOJK/];ecTBjiaeTCH c peryjiapHbiM 
ceHeHHeM 

[p] = {Pi ^ P - Pi <p} 

a nosTOMy P HSOMopcjano BKjiaflbiBaeTCH b B. J^ajiee npHBOflHTCH 
xopomo HSBecTHbie pesyjibTaTbi Koana [2D]) JIgbh |21] (cm. TaKxce 
Hex p]). 

JleMMa 1.1 

Ajize6pa B eunojiHHem k-v,enHoe ycAoeue, mo ecmb Kaofcdoe 
MHOMcecmeo X Q B, X & cocmosnnee us nonapno necoe- 
Mecmnux 6yAeeux SHaueHuu, UMcem Moui,Hocmb < k e 931 ; 

{yAi,A2eX Ai-A2 = 0)^\X\<k. 

Cjieflya 3toh jicmmc mojkho paccMaTpHBaTb bmccto SHaneHHlt 
A B TOjiBKO MHoacecTBa 

Pa = {p ^ ^ '■ dom{p) C x\ 

rfle 

X = min{x' : Vp € A p |x' ^ ^} 

(sflecb l^lx' 3TO orpaHHHeHHe p na x')- Tax KaK A = X^Pai 
Mbi 5yfleM OTOJK^ecTBjiHTb A H P/i, TO ecTb Mbi 5yfleM Bcer^a 
paccMaTpHBaTb Pa bmbcto caMoro A. 

BjiaroflapH STOMy corjiameHHK) Bce 6yjieBbi SHaneHHa A £ B 3to 
MHOJKecTBa B Lk, He Kjiaccbi, h 3to flejiaeT bosmojkhbim Bce no- 
cjieflyromHe paccyjKfleHHH b ii,ejioM. 



1. TIpeflBapHTejibHbie csefleHHa 
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Mbi 5yfleM HsynaTb nepapxHK) cy6HeflocTHJKHMbix KapflnnajioB 
nocpeflCTBOM 6yjieBMX SHaneHHli b B neKOTopbix yTBepjKfleHHH 06 
Hx CBoitcTBax, TO ecTb fleitcTBya BHyTpn 6yjieB03HaHHoro yHHBep- 
cyMa CneTHocTb cTpyKTypti 9K jKejiaTejitna sflecb tojibko 

fljiH coKpamenna h ynpomeHHH paccyjKfleHHlt, Hcnojibaya ee re- 
HepHHecKHe pacmnpenHH nocpeflCTBOM OJl-renepHHecKHX yjiBTpa- 
4)HjibTpoB Ha B. MojKHO o6oHTHCb 6e3 3Toro, Hcnojibsya cooTBeT- 
CTByioiii,He paccyjKfleHHH b 6yjieB03HaHHOM yHHBepcyMe (cm., 
HanpHMep, p!5]). 

By;];eT 6ojiee yfloGno npoH3BO/i,HTb renepHHecKHe pacuiHpeHHH 
971 He nocpeflCTBOM yjiBTpacjanjiBTpoB, a nocpeflCTBOM cjayHKi^Hlt. 
HMeHHO, QJt-reHepHHecKOH 4)yHKii,HeH hjih 4)yHKii,HeH JIbbh na k 
6yfleM HasbiBaTb c]3yHKii,HK) I £ TaKyio, hto KaJKfloe MHOJKecTBO 
X G X C P, njioTHoe b B, co/;epjKHT neKOTopoe p C I. Bee 
4)yHKii;HH 3Toro BH^a 5yflyT o6o3HaHaTbCH o6iii,hm chmbojiom I. 
OneEHflHO, SJl-renepHHecKHe yjiBTpacJjHjibTpbi G na h TaKHe 
4)yHKii;HH B3aHMH00flH03HaHH0 onpeflcjiHroT flpyr flpyra: 

/ = U(PnG) , G={AeB:3p£P{p<AApCl)}. 

B 3TOM cjiynae HHTepnpeTaii,HH tQ yHHBepcyMa 5Jt^ o6o3HaHa- 
eTCH Hepe3 ii. KaK oGbihho, ecjiH a G 971^, a G 9Jt [/] h i/(a) = a, 
TO a Ha3biBaeTCH sthkbtkoh hjih HMeneM a. Chmbojiom \\(p\\, 
KaK o6biHHO, o6o3HaHaeTC5i 6yj[eBO 3HaHeHHe yTBepjKfleHHH 99 c 
KOHCTaHTaMH H3 Wl^ B ajire6pe B. 

^jiH HeKOToporo y;i;o6cTBa bbo^htch OTHomeHne G : p^Jia bchkhx 

le'^k, AeB 

I G A i — y 3p G P{p C I Ap < A). 

JleMMa 1.2 

Uycmb I - amo ^-zenepuHecKasi ^yHK%usi na k u 99(01..., a„) 
- ymeepjfcdeHue, codepMcaui,ee KOHcmaHmu ai...,a„ G SOT [/] c 
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UMenaMU ai...,a„, moeda 

^m[l] t= ip{ai...,an) ^ I e \\ip{ai...,aj\\ . 

JleMMa 1.3 

JJycmb I - Tl-zeHepuHecKan (pyHKi^usi na k, mozda: 
1) m[l]\= ZF + V = L[^\ + GCH + k = uJl^ 

2) /Jam KaMcdozo x < k nycnib Xi = X ecAU x pezy- 
AHpHuu u xi = ix^) ecAU X cumyAHpnuu KapdunaA e Tl, 
mosda 



9Jt [l\x\ \= Va < xi |a| < wq A Va > xi |«| = I" 



m 



JleMMa 1.4 

Flycmb 

t G OT-^, (iom(t) C {a : a G 9Jt} u \rng{t)\ < k. 

u nycmb Bt smo nodaAze6pa B, nopoMcdemaH rng(t). 
Toada Oah bchkozo ymeepMcdeHun ip{t) 

II 'Pit) lies*. 

TaKOBbi npe^BapHTejibHbie CBe^eHHH, Heo6xo/];HMbie htoSbi npn- 
CTynHTb K paspaGoTKe TeopHH cyGneflocTHJKHMocTH. ^) 



2. CneKTpbi (popMyji 
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2 CneKTpbi 4)opMyji 

OCHOBHOH HHCTpyMeHT flajIbHeHniHX paCCyXCfleHHH - 9TO nOH5ITHe 

4)opMyjii.Horo cneKTpa. B 3tom pas/^ejie npe;];cTaB.JicHa Gasosaa 
TeopHH TaKHx cneKTpoB, co/i,epjKaii];a5i o6cyjK/i,eHHe npocTeiiinHx 
cneKTpajibHbix cbohctb. Moxcho BBecTH 9TO noHHTHe B 6ojiee o6- 
men 4)opMe (flJia npoHSBOJiBHbix SyjieBOH ajireSpbi B h HacTHHHO 
ynopH;];oHeHHOH cTpyKTypbi 9JT ); o/];HaKo 3flecb flocTaTOHHO hc- 
nojibsoBaTb ero caMbiii 6e/ifibm BapnaHT. 

CpeflH HMeH H3 SDT^ Bbi^^ejiHioTCH KaHOHHHecKHe HMena, koto 
pbie flaiOT aHajiorHHHbie pesyjibTaibi npn jiio6oh HHTepnpeTan,HH. 
HanpHMep, TaKOBbi HMena a MHOJKecTB a G 93t, KOTopbie Sy^yT 

OTOJKfleCTBJIHTCH C 3THMH MHOJKeCTBaMH: 

dom{a) = {6 : 6 G a}, rng{a) = {1}. 
KaHOHHHecKoe hmh bcskoh SDT-reHepHHecKon (|)yHKn,HH Z na k 

9TO 4)yHKLI,H5I 

i = {((a, /?),{(«, : {(a, /3)}GP}. 

JlerKO BujifiTb, HTO Bcer/];a ii(a) = a, ii{t) = I. 

Bbo/i,htch cjieflyioii],HH ajieMeHTapHbiit asbiK C nafl CTaH^apT- 
HOH CTpyKTypoH 

(Lfc [/] , G, =, /). 
Ero aji(J)aBHT coctoht h3 oSbiHHbix jiorHHecKHx chmbojiob: KBan- 

TOpOB V, 3, CBH30K A, V, ^, i CK060K ( , ), HH;];HBH/];HbIX 

nepeMeHHbix x,y,z... (c HHfleKcaMH hjih 6c3 hhx), Bcex hmch h3 
6yjieB03HaHHoro yHHBepcyivia , cjiyjKamnx hhahbhahbimh koh- 

CTaHTaMH, H CHMBOJIOB G, =, Z. 

ripH HHTepnpcTaii;HH 3Toro H3biKa b rcncpHHCCKOM pacniHpeHHH 
Lfc [Z] nepeMeHHbie npo6eraioT L/j [Z], HH/^HBH^Hbie KOHCTaHTbi 
a G o6o3HaHaK)T z/(a) h KOHCTaHTbi €, =, Z o6o3HaHaiOT co- 
OTBeTCTBeHHO CTaHflapTHoe OTHomeHHe npHHafljiexcHOCTH, paBen- 
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CTBo H 4)yHKii,Hio I. EcjiH 3TO paciuHpeHHe (jpHKCHpoBano, Tor^a 

KOHCTaHTbl H HX HHTepnpeTaLl,HH KaK o6bIHHO OTOXCfleCTBJIHIOTCH. 

OopMyjibi asbiKa C onpeflejisiiOTCsi oSbiHHbiM peKypcHBHbiM 
o6pa30M HaHHHaa c aTOMapHbix (Jjopiviyji BH^a ti = t2, ti E t2, 
Tfie ti,t2 JnoGbie TepMM, KOTopbie peKypcHBHO o6pa3yioTCH H3 HH- 
flHBHflHbix nepeMeHHbix, KOHCTaHT G H / nocjieflOBaTejibHbi- 
MH cynepno3Hn,HsiMH. OflnaKO cjieflya TpaflHn,HH neKOTopbie yfloS- 
Hbie o6o3HaHeHHH, OTHomeHHH H TepMbi SyflyT Hcnojib30BaTbCH b 
3anHCHX 4)opMyji, ecjin 3to He noBjieneT Tpy^HOCTeft. HanpHMep, 

KOpTeJK m HHflHBHflHblX nepeMeHHbix HJIH KOHCTaHT Xl,...,Xm 

o6o3HaHaeTcsi Hepe3 {xi, ...,Xm), hjih, KpaxKO, Hepe3 otho- 
ineHHe nopjiflKa xi G X2 na MHOxcecTBe opflHHajiOB o6o3HaHaeTCJi 
Hepe3 Xi < X2 H TaK p^ajiee. 

^ajiee (jpopMyjibi 6yflyT paccMaTpHBaTbCH KaK cjpopMyjibi H3biKa 
C, KOTopbie SyflyT o6o3aHaTbCJi MajibiMH SyKBaiviH KOHn,a rpene- 
CKoro aji4)aBHTa (ecjiH ne yKa3aHO HHoe). 

OopMyjia ip C HH;];HBH/];HbIMH CBo6o/];HbIMH HepeMeHHblMH H 

KOHCTaHTaMH, o6pa3yK)n],HMH KopTejK ~^ , 5yfleT o6o3HaHaTbCH 
Hepe3 ifi^). EcjiH B flonojineHHe k BTOMy coflepjKHx chmboji, 

Ha KOTOpblH HyXCHO oSpaTHTb BHHMaHHC, OH TOXCe MOXCeT SblTb 

yKa3aH oco6o; nanpHMep, 3aHHCb yKasbiBaex, hto ip co- 

flepJKHT BXOJKfleHHe HMeHH 

KaK o6biHHO, BxojKfleHHJi KBaHTopoB 3x,\/x B (JjopMyjiy ip 

HaSblBaiOTCH OrpaHHHeHHblMH TepMOM t, eCJIH OHH HMeroT BHfl 

3x {x etA ...),yx {x et — > ...); 

4)opMyjia Ha3biBacTCH orpaHHHCHHOH, ccjiH Bce ee KsaHTopbi orpa- 
HHHeHbi HeKOTopbiMH TcpMaMH; oHa Ha3biBaeTCH npeneKCHOH cjjop- 
MyjiOH, ecjiH Bce BxojKfleHHa ee HeospanuHeHHux KBanTopoB pac- 
HOJioxceHbi cjieBa ot Bxoxc^eHHa ee ocTajibHbix KBanxopoB h cb5i- 

30K; 3Ta HOCJie^OBaTCJIbHOCTb CC HCOrpaHHHeHHblX KBaHTOpOB Ha- 

3biBaeTCH ee KeanmopHUM npecfjuKCOM. 

OopMyjibi 5i3biKa C Syflyx HHTepnpeTHpoBaxbca b pacmnpeHHax 
Lk[l] H no9TOMy Mbi SyfleM HasbiBaTb 4)opMyjibi ip,tp dKeueajienm- 



2. CneKTpbi (popMyji 
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HUMU H HHCaTb if i > 1p , eCJIH OHH 3KBHBajieHTHbI B TCOpHH 

ZFC~ + y = L[{], r^e ZFC~ 9to ZFC 6e3 aKCHOMbi MHOxcecTBa 
Bcex noflMHOxcecTB. 

KpoMe Toro, HHTepnpeTHpya 4)opMyjii.i ^/^ b L^, mbi 6yj\eyi 
HasbiBaTb Hx KOHcmpyKmueHO aKeueaAenmHUMU h HcnojibsoBaTb 
npexcHee o6o3HaHeHHe ip < — > "0 , ecjiH ohh SKBHBajieHTHbi b Teo- 
pHH ZFC + V = L. 

Mbi 6yjieM nasbiBaTb hx senepuHecKUMU aKeueajieHmmiMU h hh- 
caTb (p Hh ip, ecjiH 

\\(p i — > V-'ll = 1 

fljiH jiio6bix sHaHeHHH B HX cBo6oflHbix nepeMeHHbix. 
T^ajiee paccMaTpHBaeca SKBHBajieHTHOCTb b ZFC~ + V = L[Z], 
ecjiH KOHTeKCT He yKasbiBaeT na flpyrofi Bapnani; h b jiio6om cjiy- 
Hae SHaneHHe hohhthh SKBHBajieHTHOCTH h CHMBOJia "•< — 6yfleT 

BCerfla OHeBH^HO OHpe^ejIHTbCH KOHTeKCTOM. 



Onpe^ejieHHe 2.1 

1) Kaqcc ece npeneKCHUx (popMyA ip{~^,l) c KeanmopHUM npe- 

c^uKCOM, cocmojiiu,UM U3 n MaKCUMajibiiux 6aokog oduOUMeHHUX 

Keanmopoe u HauuHaminuMCH c 3, a mancHce ecex aKeueaAenm- 

Hux UM cfjopMyA o6o3HaHaemcM nepea S^C^). 

JJeoucmeeHHUu kaocc o6o3HaHaemcsi uepea n„("^), a ux nepe- 

ceuenue, KAacc S^C^) H n„("^) - nepes An{a). 

B peayAhmame eosHUKaem aAeMenmapHan uepapxuH Jleeu: 

n„(^)} 

2) Hepes T,^^(^) o6o3HaHaemcH KAacc ece (popuyA, aenepuHe- 
CKU aneueaAeHmHux ^opjuyAaM U3 S„("^). 

/l^eoucmeeHHUu KAacc o6o3HaHaemcM Hepe3 11^'" C^), a KAacc 
E^^(^)n^+(^) - Hepe3 A^^(^). 

CuMeOAU Qni^), Qn^i'^) CAyOtCam 06tiJ,UMU 0603HaHeHUHMU 
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coomeemcmeeHHO KJiaccoe 

s„(^), n„(^), s^^(^), n^^(^). 

HamypcuibHuu undeKC n HaaueaemcH ux ypoeneM u ypoeneM ux 

PaccMampuean (fiuKcupoearmoe pacmupenue L/. [I] , MHOoicecmea, 
Komopue onpedcAenu e hcm cfjopMyAUMU U3 Q^{'^), 6ydym na- 
aueambCH Q^{lt) -MHOOKecmeaMU. 
B peayjihrname eosHUKamm uepapxuH ^opMyA 

u coomeemcmeyn)iu,afi uepapxun MHOMcecme. 

Bo ecex amux o6o3HaHeHunx nocAedoeameAbHocrm> "S" 6ydem 

onycKambCH, ecAU ona npouaeoAhna uau osoeopena e KonmeKcme. 



Cjieflya TpaflHn,HH 6yfleM nojiaraTb, htob BcaKaa paccMaTpHsa- 

eMaa cJjopMyjia npe^nojiaraeTCH npeo6pa30BaHHoli b SKBHBajieHT- 
Hyro npeneKCHyio 4)opMy MUHUMaAhHozo ypoenn — 3KBHBajieHT- 

HyiO B ZFC~ + V = L\t\ HJIH KOCTpyKTHBHO HJIH reHepHHecKH 
9KBHBajieHTHyK), B SaBHCHMOCTH OT CTpyKTyp 66 HHT6pnp6Tan,HH 

— pasyMeeTCH, ecjin KOHTeKCT He HMeeT BBH/];y flpyryio CHTyai^nro. 
ByfleM TaKJKe nojiaraTb, hto ecjiH 4)OMyjibi paccMaTpHBaioTCH KaK 

HHT6pnp6THpy6MbI6 B CTpyKTyp6 (Lfe, G, =), TO SyflyT HCHOJIbSO- 
BaTbCa BC6 9TH o6o3HaH6HH5I H T6pMHHbI, HO 663 B6pXH6rO HHfl6KCa 

Hh. 

B flajIbH6Hm6M paCCMaTpHBaiOTCH KJiaCCbl Qn, H 4)opMy- 

Jlbl H MHOXC6CTBa 9THX KJiaCCOB H6KOTOpOrO 4)HKCHpOBaHHOrO ypOB- 

HH n > 3 (ecjiH KOHTeKCT He BjieneT o6paTHoe). 3to corjiamcHHe 

HpHHHMaeTCH flJIS TOTO, HTo6bI HCHOJIbSOBaTb CyGneflOCTHJKHMbie 

cpeflCTBa flocTaTOHHO Sojibmoro ypoBHH (cm. npHMepa jieMMy 

3.5 HHXCe), a TaKSCe HCnOJIbSOBaTb H6KOTOpbI6 BCnOMOraT6JIbHbI6 



2. CneKxpbi (popMyji 
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4)opMyjibi, TepMbi, OTHomeHHa h MHOJKecTBa, onpeflejiHMbie b 

HJIH B HenOCpeflCTBeHHO KEK flOnOJIHHTejIBHbie KOHCTaHTbl 

B o6o3HaHeHHHX 4)OpMyjI 6e3 yBejIHHeHHH HX ypOBHH. OHeBHflHO, 

TaKHM o6pa30M MoryT Gbitb HcnojibsOBaHbi MHOJKecTBa P, i?, 
OTHomeHHH H onepaii;HH na hhx, ynoManyTbie Bbime, a TaKJKe cjie- 
flyiomne cjaopMyjibi h oTHomeHHH: 

1) On{x) - orpaHHHeHHaa cJjopMyjia, osHanaromaH, hto x ecTb 
op/];HHaji: 

Vy G ^(Vz € x(y G z V z G y) A Vzi G y{zi G x)). 

IlepeMeHHbie h KOHCTaHTbi, orpaHHHeHHbie 3toh cjaopMyjioft, 6y- 
flyT TaKJKe oGosHanaTbCH MajibiMH 6yKBaMH KOHii;a rpenecKoro aji- 
4)aBHTa: a, /3, 7, ... , onycKaa caMy STy 4)opMyjiy. C noMoiii,bio 
3Toii 4)opMyjibi JierKO mojkho onpeflejiHTb Bce HaTypajibHbie hhc- 
jia, opflHHajibi a;o, ojq + 1.... a Tax flajiee cooTBeTCTByromHMH 

OrpaHHHeHHblMH c]30pMyjiaMH, TaK HTO MOJKHO HCnOJIbSOBaTb 3TH 

opflHHajibi KaK /;onojiHHTejibHbie KOHCTaHTbi namero HSbiKa. 

2) F{x, y) - Ai-4)opMyjia, coTaBjiaromaa xopomo HSBecTHoe pe- 
KypcHBHoe onpeflejieHHe b reflejieBoft KOHCTpyKTHBHoli cjpyHK- 
ii,HH F [22], TO ecTb fljiH BCHKHx a (z k, a Lj^ ■ 

a = F \ (a + 1) i — > Lfc 1= F{a, a). 

3) <, < - OTHomeHHH Bnojie ynopHflOHeHHH na L^: 

a<b i — > Od{a) < Od{b) ; a <b i — > a <b\/ a = b. 

4) <1, ^ - cooTBeTCTByiomHe OTHomeHHH Ha x k: 
a<iP< — y Od{a) < PA0n{/3) ; a < /3 < — > a <i jSV Od{a) = l3. 

5) HeTpyflHO TaKHM JKe oGpasoM HCHOJibsoBaTb aHajiorHHHyio 
Ai -4)opMyjiy F{x,y,l), cocTaBJiHioHi,yio pexypcHBHoe OHpe^ejie- 

HHe B Lfc [/] KOHCTpyKTHBHOH 4)yHKH,HH FeflejIH F^ OTHOCHTejIBHO 
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I H nojiyHHTb 4)yHKii;HK) op/];HHajibHoro HOMepa Od , a TaKJKe ot- 
HomeHHH 

Od'(a) = min{a : = a} ; 

a <' 6 ^ — ^ Od'(a) < Od'(6) ; a<'6 < — > a<Hy a = h ■ 

a /3 ^ Od\a) < PAOn{l3) ; a ^ ^ — > a /3vOd^{a) = (3 . 

HeTpyflHO onpe/;ejiHTi. see bth ynoMHHyTbie Bbime 4)yHKii;HH h 
oTHomeHHH Ai-4)opMyjiaMH ccoTBeTCTBeHHo B Lk, Li^ [I] a6co- 
jiiOTHO no OTHomeHHK) K 3THM CTpyKTypaM, Hcnojibsya cJjopMyjibi 
F{x,y), F{x,y,l). Mbi Gyj^eu oGosHanaTb 3th 4)opMyjibi tbmh jkb 

CHMBOJiaMH, HTO H OnpeflejIHeMbie HMH (]3yHKLI,HH H OTHOmeHHH, 

HO 3aMeHHH 4)yHKii,Hio I ee HMeneM I. Panee OTHomeHne < 
6bijio HcnojibsoBano A^hcohom [23] nafl KOHTHHyyMOM h Kora- 

JIOBCKHM [24J Hafl npOHSBOJIBHOH GeCKOHeHHOH CTpyKTypOH npOH3- 
BOJIBHOrO ypOBHH. 

C nOMOIIl,bK) o6i.IHHOli TeXHHKH CKOJieMOBCKHX 4)yHKII,Hit jierKO ycTa- 

HaBjiHBaeTCH 
JleMMa 2.2 

Ilycmh ^opMyjia ip codepMcumcH e KAacce Qn, n>l, mozda 
(fiopMynu 

yx G y ip, 3x G y if 
CHoea codepMcamcR e moM Mce KAacce. 

AnaAoguHHO Bah KAacca , n>\, aaMCHnn ospaHuuueammym 
(fiopMyAy xGy na (popMyAu x<-y, x<-y. H 

Tenepb o6paTHMCH k noHHTHio cneKTpa. ^jih Gojibmeft npo- 
spaHHocTH Mbi BBe;];eM ero tojibko ^jih yTBepjK/];eHHH BH^a ip(lt ,1) 

C KOpTeJKBM HHflHBHflHblX KOHCTaHT 1^ = (ttl, ...am), COCTOH- 

iii,HM H3 op/;HHajioB (ecjiH KOHTeKCT He yKasbiBaeT na flpyroii cjiy- 
Hait). MojKHo oGoHTHCb 6e3 sToro corjiameHHH, saMeHHH BxojK^e- 
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HHH KajKfloro Oj Ha BxojKfleHHe TepMa F-{ai) flflsi cooTBeTCTBy- 

lOmeit OpflHHBJIbHOH KOHCTaHTbl ttj. 

By^eM TaKsce nojiaraTb, hto Kaxcflbifi Kopiexc = {ai, ...,am) 

OpjlUHSLjlOB < k H/];eHTH4)HLi;HpyeTCH C Op;];HHajIOM, KOTOptlft HBJIH- 

eTCH ero o6pa30M npn KaHOHHHecKOM nopaflKOBOM HsoMopcjpnsMe 
'^k Ha fc. H30Mop4)H3M ^k Ha A; SToro BH^a 5yfleT nasbiBaTbCH 
^yuK'nueu napu. 

Cjieflyion];ee noHHTHe nrpaei b flajibHefimeM Baacnyio pojib: 

OnpeflejieHHe 2.3 

/Jah Kaoicdou (fiopMyAU ip u opdunana ai < k uepes 
o6o3HaHaemcH (popMyAa, noAyueHHasi U3 nocpedcmeoM <- - 
ospanuHeHUH ecex ee Keanmopoe opdunaAOM ai, mo ecmt> aaMe- 
Hou ecex exootcdenuu maKux Keanmopoe 3x, Vx coomeemcmey- 
muttUMu exootcdeHUHMU 

3x (x <- ai A ...), Vx (x <- a\ — > ...). 

KpoMe modo, ecAU ai < k, mo 6ydeM zoeopum'b, umo ozpa- 
HUHena opdunojioM ai, uau peAHmueuaupoeana k opduHOJiy ai; 
ecAU npu amoM ymeepatcdeHue eunoAnnemcH, mo 6ydeM 

soeopumh, umo (p eunoAHSiemcn huokc a\, uau umo ip coxpa- 
HHemcn npu ozpaHuueHuu uau peAmnueuaai^uu k ai . 

Ta Mce mepMUHOAoauH 6ydem npuMennmbCH ko eceM paccyotc- 
denuHM u KOHcmpynv^uHM c undueudnuMU nepeMenmiMu u koh- 
cmanmaMU <-- ozpanuueHHUMU opdunaAOM a\. 
Mu 6ydeM paccMam,puGamb <\-ozpaHUHeHUR eMecmo <\- -ogpanu- 
ueHUU 60 ecex nodo6uux o6o3HaHeHUHX u nonnmuHX, ccau cf)op- 
MyAU, K0HcmpyKU,uu u paccyotcdenuH unmnpemupymcH e L^. 
Bo see podoSmix CAynanx a\ naeueaemcn coomeemcmecHHO <- - 
QgpaHUHueatoinuM uau < -ozpaHunueamui^uM opdwuiAOM. 
EcAU ai = k, mo eepxHue undcKcu < ai onycKammcn u manue 
(popMyAU, paccyotcdcHUH u KOHcmpyKU,uu nasueawmcn Heospanu- 
HCHHUMU UAU HcpcAHmueusupoeaHHUMU. H 



32 



FjiaBa I. EasoBBsi reopna 



OnpeflejieHHe 2.4 

1) Ilycmh ip(l^,l) amo ymeepcHcdeHue 3x (pi{x,'^ ,1) u ai<k. 
JJah Kaoicdozo a < ai eeodnmcH CAedywmue 6yAeeu SHaneHun: 

A^"i (a, ^) = A^^^ (a, ^) - A^"^ (a', 

a'<a 

2) Mw HosueaeM CAedytomyio ^yHKUtUto S^°'^ {'^) cnenmpoM ymeep- 
otcdeHUH if Ha Kopmeotce ~^ Huotce ai: 

S^n^) = {(«, A^"i(a, ^)) : a < ai A A^°'^{a, ^) > 0}. 
UpoeKi^uu 

HaaueawmcH coomeemcmeeHHO opdunaAbHUM u 6yAeeuM cnen- 
mpaMU if Ha KopmeoKe ~^ Huotce ai. 

3) EcAU (q;, A) G S^"^("^), mo a Hasueaemcn opduHOJioM 
CKGHKa amux fiopjuyAU u cneKmpoe, a A Hasueaemcn ux 6yAe- 

euM snaneHueM na Kopmeofce "o^ Huofce ai. 

4) OpduHQA ai HasueaemcH HocumeAeM amux cneKmpoe. H 

EcjiH KopTe:ac ~^ nycToii, to mh onycKaeM ero b oSosHaneHHsix h 
onycKaeM Bce ynoMHHaHHsi o neivi. 

JXflu anajiHsa paajiHHHbix yTBepjKfleHHH ecTecTBeHHo hchojib- 
soBaTb Hx cneKTpbi. Moxcho ocymecTBHTb 6ojiee tohkhh anajiHS, 
Hcnojibsysi hx flByxMepHbie cneKTpbi, TpexiviepHbie cneKTpbi h TaK 



3x <^a ^f"^{x,-^,l_) 
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flajiee. 

Bee BBefleHHbie eneKTpti o6jia/];aB3T ejieflyromHMH npoeTbiMH 
eBofteTBaMHi 

JleMMa 2.5 

Uycmb ip amo ymeepMcdenue 

mozda: 

1) sup dom (S^^iC^)) < k; 

2) Cnenmpu S^^^C^), dom (S^'^i (7?")) An-onpedenuMu, e 
mo epcMfi KaK cnenmp 

rngf (S^"^ (7^)) 'En-onpedeAUM e L}^ dnn ai = k. 
flAH ai < k ece amu cneKmpu Ai-onpedeAUMU e L^; 

3) a £ dom (S^'^i(7^)) e mouHocmu mozda, Kozda cym^ecmeyem 
dJl-zeHepuuecKafi ^yHKti,UH 

Sfleet BajKHoe yTBepjKfleHHe 1) ejie^yeT nenoepefleTBeHHO h3 jieM- 
Mbi 11.11 3TO yTBepjKfleHHe 5yfleT naeTO HenojibsoBaTbea b flajib- 
HeiiineM. H 

CpeflH Beex eneKTpoB oeoGyro pojib nrparoT Tax nasbiBaeMbie 
yuueepcaAbHue cneKmpu. 

Xopoino H3BeeTHO, HTO Kjiaee Xl^Co^) ypoBHH n ^ eo^ep- 
JKHT c]3opMyjiy, yHHBepeajiBHyio fljia SToro Kjiaeea (TapeKHH |25) . 
eM. A^neoH [23]); mbi 6yfleM oGosHanaTb ee nepes U^{n,l^ ,1). 
CjieflOBaTejiBHO, ona ynHBepeajibna TaKJKe h p^jia Kjiaeea 
Ee yHHBepcajiBHOCTb osHanaeT, hto ajih jiio6ofi S^'"(l?')-4)opMyjibi 
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(p{~^,l) cymecTByeT HaTypajibHoe n Taxoe, hto 

HhC/^(n,^,Z); 

9TO n HasbiBaeTca reflejieebiM HOMepoM cjaopMyjibi 93. ^boh- 
CTBeHHaa 4)opMyjia, yHHBepcajibHaa: ^jih n^'~('^), oSosHanaeTca 
nepes C/^(n, 'ct,l). J^Jia neKOToporo y;];o6cTBa mm GypfiM Hcnojib- 
soBaTb B 4>opMe 3x U^^_i{n,x,~(t ,1). B 3thx o6o3HaHeHHHx 
BepxHHe HHfleKCbi ^, ^ 6yflyT onycKaTbca, ecjiH ohh Moryi SbiTb 

BOCCTaHOBJieHbl H3 KOHTeKCTa JIhSo npOHSBOJIbHbl. 

HanoMHHM, HTO yHHBcpcajibHbie 4)opMyjibi BOSHHKaioT Ha cjiefly- 
lomeM nyTH. PaccMOTpHM (jpopMyjiy ip(^,V) h ee 3KBHBajieHTHyio 
npeneKCHyro 4)opMy MUHUMaAbHoeo ypoBHH e: 

Q1X1Q2X2:-, QiXUPl {XI,X2.:, Xi, 

r^e QiXiQ2X2---,QiXi sto ee KBaHTopHbifi npe4)HKC h (pi co^ep- 

JKHT TOjibKO orpaHHHeHHbie KBaHTopbi; npe;];nojiojKHM, hto Qi = 
3, e > 0. IlepeflBHraH 3th nocjieflHae orpaHHHeHHbie KBaHTopbi 

BJieBO MOJKHO nOJiyHHTb 9KBHBajieHTHyiO 4)OpMyjiy BHfla 
QlXiQ2X2..., QiXi 

Vyi G zi3vi G W]\/y2 £ Z23v2 G W2---,yyj £ Zj3vj G 

ip2 {xi,X2..., Xi,yi,Zi,Vi,Wi,y2,Z2,V2,W2..., yj,Zj,Vj,Wj, 't,V} , 



rfle KajKflaa h3 nepeMennbix zi,wi..., Zj,Wj orpaHHHena myrnMH 

HJIH TepMaMH H3 KOpTeJKa Xl...,Xi, a H (^2 He COflepJKHT KBaH- 
TOpOB. HcnOJIbSya TeXHHKy CKOJieMOBCKHX 4)yHKLI,HH M03CH0 JierKO 

npeoSpaaoBaTb ee b SKBHBajieHTHyio (|)opMyjiy {'^,1) Toro xce 
ypoBHa e: 



QixiQ2a;2-,QiXj3/i3/2...,3/j 1^93 {xi,X2...,Xi, fi, f2-, fj,~^ d) , 
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rfle fi...,fj - 3TO nepeMeHHbie cKOJieMOBCKHe 4)yHKii,HH h (p^ 

COflepJKHT TOJIbKO OrpaHHHeHHbie KBaHTOpbl CTaHflapTHOrO BHfla H 

pacnojioxceHHH. 

Cjiynali Qi = y cjie^yeT paccMOTpeTb /^bohctbchhmm o6pa30M. 

Mbi 6yp^eM nasbiBaTb 3Ty cJjopMyjiy ,L) npedynueepcaAh- 

Hou gSopAiou paccMaTpHBaeMOH 4)opMyjibi ip(lt,l). Ilocjie 3Toro 
jierKO nojiyHHTb SKBHBaneHTHyio (Jjopiviyjiy c KaxcflbiM Sjiokom ofl- 

HOHMeHHblX KBaHTOpOB, SaMeHeHHbIM Ha OflHH TaKOH KBaHTOp, HO- 

cpe/];cTBOM 4)yHKii;HH napbi. OcTajiocb npHMeHHTb k jiK)6olt TaKoft 
4)opMyjie peKypcHBHyio HyMepaLi,Hio ee no/i,4)opMyji, cjieflyioii],Hx 

3a KBaHTOpHbIM npecJ)HKCOM. 

riojIOXCHM, HTO B flajIbHefimeM BCe BBO^HMbie 4)OpMyjIbI Mbl 

GypfiM paccMaTpHBaTb b hx npedynueepcaAbHou (popMe h 6yfleM 
HcnojibsoBaTb fljia hhx Te JKe o6o3HaHeHHH (ecjiH tojibko kohtckct 
He HMeeT BBH^y ^pyryio cHTyai^Hio) . 3to corjiameHHe coxpanaeT 
9KBHBajieHTHOCTb (|)opMyjibi (/p(a, V) G Sg'~ c reflejieBbiM HOMepoM 
n yHHBepcajibHOH 4)opMyjie npn <- -orpaRHHenHH: 

fljiH opflHHajioB ai MHorHx BHflOB (nanpHMep, fljia KapflHHajioB) . 
AnajiornHHO fljia Ilg"" h ^jih renepHHecKOH SKBHBajieHTHOCTH. 

OnpeflejieHHe 2.6 

1) Mm HasueaeM (fiopMyjiou cneKmpajibuo yHueepcaAwwu Oah 
KAacca T,^^ ypoeuH n cpopMyAy u^{l^,l), noAyiennyw us 
ynueepcaAtiHou cfjopMyAU U^(n,l^,l) saMenou 6cex exooicdenuu 
nepeMCHHOu n exooKdenunMU mepMa /(wq). 
CneKinpaAhHO ynueepcaAhHan Oaji KAacca H'^^ cfiopMyAa itJJCc^,!) 
eeodumcn deoucmecHHUM o6pa30M. TaKUM o6pa30M, 6ydem uc- 
noAbsoeanibCH cpopMyAa 

UnC^d) = 3x u^_i{x,'^,l_), 

zde u^_i{x,'^,l) amo cnenmpaAbHO ynueepcoAbHaH dnn KAacca 
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2) ByAeeu 3HaHeHun 

A^"i(a,"^),A^°i(a,"^) u cneKmp S^"i("^) 

(popMyAU cp = u^C^jl) u 680 npoeKii,uu HosueawmcH ynueep- 

caAbuuMU 6yAeeuMU snaHenuHMU u cnenmpaMU ypoeun n im 
KopmeMce 1^ Huoice a.i u e ux o6o3HaHeHunx undeKC sa- 
MeHHemcH na n, mo ecnib ohu odosHauaemcsi coomeemcmeeHHO 
Hepea 



3) EcAU (a, A) € S^"i(a), mo a Ha3ueaem,c.R, opdunaAOM 
CKauna amux ^opuyAU u cnenmpoe, a A nasueaemcH ux 6yAe- 
euM SHaneHueM na Kopmeotce ~^ nuotce a\. 

4) OpduHOA ai HoaueaemcH HocumeAeM amux cnenmpoe. H 



Be3/];e b /^ajibHciimcM <]- - h.jih <-orpaHHHHBaK)iii;He opflnna- 
jibi ai 3TO npeflejibHbie KapflHHajiM < /c (b L^) hjih ai = k 
(ecjiH KOHTeKCT He yKasbieaeT na flpyroe) . 

3flecb TepMHH "yHHBepcajibHbifi" onpaB^biBaeT cjie^yiomaH 



JleMMa 2.7 

/I^Afi A7o6o30 ymeepMcdenuH (/? = 3a; ipi{x^l^ ,V), Lpi G n^Li- 

dam (S^^H"^)) C dom (8^"^"^)) • 

/^oKaaamcAbcmeo. JXjih 4)yHKii;HH I ^ nycTb Iq oSosHanaeT 
jiio6yio 4>yHKLi,Hio ^ ^k, npHHHMaiomyio sHaneHHii: 

, . _ J l{a) , a < ujqV a> uo + l; , . 

\ iliuo),l{uo + l)) ,a = uo + l; ^ > 



SHaneHHe /o(^o) s^ecb npoHSBOJibHO. OneBH^HO, Iq 9to QJl- 
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renepHHecKaH 4)yHKii,H5i, ecjiH / o6jia^aeT tgm jkc cbohctbom. 
HycTb (poC^jl) o6o3HaHaeT 4>opMyjiy, nojiyneHHyio nocjieflOBa- 
TejibHOH saMeHOH KaacflOH cy64)opMyjibi l{ti) = t2 4)opMyjibi ip 
Ha orpaHHHeHHyio 4)opMyjiy: 

A 

= t2) A (2.2) 

> y2 = t2)). 

nofl4)opMyjibi BHfla Z(ti) G ^2 S saMeHsiiOTCH anajio- 

rHHHO. HycTb no 3to re/];ejieB HOOMep ipQ. /^jih nponsBOjibHoft 
93t-reHepHHecKOH 4)yHKii,HH / nojiojKHM Iq{ojq) = Uq. OneBHflHo, 
fljia Ka:af/],oro a < ai 

OcTajiocb npHMeHHTb Tenepb jieMMy 2.5 3). H 

OTCiOfla MOxcHO BHfleTb, HTO yHHBepcajibHbie cneKTpbi axKy- 

MyjinpyroTCH Kor/];a hx op/^HHajibHbie KOHCTaHTbi BospacTaiOT; fljia 
= (ai..., a^) nycTb max "5" = maxjcti..., a^}: 



JleMMa 2.8 

ecHKUX ~^i,'^2 < cti: 

max~^i < max "^2 — ^ dom (S^^H^i)) ^ dom (S^°n^2)) • 
/l^OKaaaTejibCTBO SToro moxcbt SbiTb nojiyneHO Tax HasbiBaeivibiM 



y2 < ujoil (wo + 1) = {yi, yv 
A {{ti < Wo V > Wo + 1) — ^ Uti) = 
A (ti = loq — > yi = t2) A (ii = Wo + 1 — 
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pacn],enjiHioii],HM MeTo;],OM ( cm. ;],0Ka3aTejibCTB0 jieMMbi 4.6 HHJKe 
fljiH npHMepa) , ho 9Ta jieMMa, xoth h npoacHsiromaH cneKTpajibHbie 
CBOHCTBa, He npHMensieTcsi ^ajiee h no9TOMy ee flOKasaTejibCTBO 
Sflecb onycKaeTCsi. H 



2. CneKTpbi (popMyji 39 
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3 Cy6He^ocTH>KHMi>ie Kap^HHajiM 

Sflecb paapaSaTbieaeTca TeopHsi cySneflocTHxcHMOCTH b ee Saao- 
Bbix acneKTax. 

/^ajibHeftniHe paccyjK^eHHH npoBO^HTCH b Lk (hjih b ec- 
jiH KOHTeKCT He HMeeT BBHfly HeKOTopyio flpyryio cHTyaLi,Hio) . 
BBefleM Li,eHTpajibHoe noHHTne cySneflOCTHxcHMOCTH - neflOCTHxcH- 
MOCTb cpeflCTBaMH Hamero asbiKa. "SnaHeHHe" yTBepxcfleHHH sa- 
KjironaeTCH b hx cneKTpax h nosTOMy BecbMa ecTecTBeHHO oupepfi- 
jiHTb TaKyio HeflocTHJKHMocTb HocpeflCTBOM cneKTpoB saflaHHoro 
ypoBHJi: 

OnpeflejieHHe 3.1 

TlycmA) a.i <k. 

Mu HasueaeM opdunaA a < ai cydHedocmuoicuMUM ypoenn n 
HUOKe ai, ecAU eunoAHHemcH CAedywiu^asi (fiopuyAa, o6o3HaHae- 
Man Hepea SIN^°'^{a): 

MHOOKecmeo 

{a < ai : SIN<"'{a)} 

ecex manux opdunaAoe maKMce o6o3HaHaemcH uepea SIN^"^^ u 
OHU HaaueammcH SIN^°'^ -opdunaAaMU. 

KaK o6uHHO, dAH ai < k mu soeopuM npu amoM, nmo cydne- 

docmuDicuMocnih opduHUAa a ospanuHeiia opduiuiAOM ai uau 
peAHmueuaupoeaHa k ai. JJ^ah ai = k eepxnue undeKcu < a\, 
< a\ onycKawmcH. H 

OneBHflHO, caM Kapflnnaji k aBjiaeica cydHedocmuoKUMUM 
jiioSoro ypoBHH, ecjiH mh onpeflejiaeivi sto nonaTHe fljia a = a\ = 
k. 

TaKHM o6pa30M, cpaBHeHne hohsithh neflOCTHxcHMOCTH h cySne- 
flOCTHxcHMOCTH ecTecTBeHHO BOSHHKaeT Ha cjieflyion],eM nyTH: 
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KapflHHcUi k (cjia6o) neflocTHJKHM, t&k k&k oh necHeTen h ne 
MOxeT 5biTb flocTHrnyT cpeflCTsaMH MeHbinnx MomnocTefi b tom 
CMbicjie, HTO OH oSjia^aeT ^ByMJi CBoficTBaMH: 1) oh peryjiapen h 
2) OH saMKHyT oTHocHTejibHo OHepan,HH nepexofla k cjieflyion^efi 
Moni,HocTH: Va < k < k. 

06paii],aHCb k cy6HedocmuotcuMocmu opflnnajia a < k ypoBHH n 
(b ee Hepeji5iTHBH3HpoBaHHOH 4)opMe, fljia neKOTopofi KpaTKOCTn), 
MOJKHO BHfleTb, HTO CBOHCTBO peryjiHpHOCTH Tenepb onymeno, ho 
a Bce-TaKH ne mojkct GbiTt /^ocTHrnyT, ho na ceii pas 6ojiee chjib- 
HbiMH cpeflCTBaMH: BTopoe ycjioBHe ycHjieno h Tenepb a saKHyT 
OTHOCHTejibHO Sojiee CHjibHOH OHepan,HH nepexofla k opflnnajiaM 
CKaHKa yHHBepcajibHoro cneKTpa: 

V"^ < a Va' G domSnC^) ol < a, 

TO eCTb CpeflCTBaMH OpflHHajIbHblX CHCKTpOB 6CeX yTBepJKfleHHH 

ypoBHH n (cm. jieMMy 2.7 Bbime). 

3to osnanaeT saMKbiKanne a omHocumejibHO ecex Il'^^i-(pyHK'u,uu 

60 ecex zenepuuecKux pacmupetLUHX Lk, a ne tojibko othochtcjib- 
Ho onepaii,HH nepexo^a k cjieflyiomeft MomnocTH b L/j (cm. jieMMy 
3.5 HHxce). 

OneBHflHO, HTO fleficTBya b cjie^ycT paccMaTpHBaTb 4)op- 
Myjiy SIN^°^^ (a) cJjaKTHHecKH KaK jifie (JaopMyjibi: ojifly as hhx 
6e3 KOHCTaHTM ai Korfla ai = k, m flpyryio co^epjKamyK) ai 
Korfla ai < k; TaKoe xce saMenanHe othochtch ko bccm 4)op- 
MyjiaM, KOHCTpyKn,HsiM h paccyxffleHHJiM, coflepxcamHM napaMCTp 
Ol < k. 



Hs onpeflCJieHHa 3.1 h jiCMMbi 2.7 ohcbhaho cjie^yeT 

JleMMa 3.2 (06 orpanHHenHH) 

Ilycmb a < ai < k, a G SIN^'^^ u ymeepoKdenue 
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3x (p{x, a ,f), 93 € n^-i) UMeem Kopmeotc a < a, mozda Oah 
nacHcdou dJt-zeHepuueKou cfiyuKv^uu I 

Lk [I] ^ (Bx ai (x, ^, ^ 3x a (x, ^, /)) , 

B maKOM cjiyuae 6ydeM zoeopumb, umo humcc ai opdunan a 
oepaHUHueaem uau peAHmueusupyem ymeepMcdeHue 3x 99. 
PaccMampueaH mo Mce cauoe e o6paui,eHHOu (popMe dnn if G 

Lk [I] N (yx a f^"^ (x, ^, /) ^ Vx ai(/p^"i (x, ^, /)) , 

6ydeM zoeopumb, umo HUMce ai opdunan a pacmupnem uau 
npodoACHcaem ymeepoKdenue \/x tp do ai. H 

PasyMeeTCH, JieMMa 3.2 npeflCTaBJiaeT 6ojiee CHjibHoe yTsep- 
yKj\QwiQ - KpHTepnii 5/A^^"^-cy6He/;ocTHJKHMOCTH. 

Tenepb cjieflyioni,He jieMMbi 13.31 - 13.81 mojkho npocTO BbiBecTH 
H3 onpeflejieHHa 3.1 h jieMMbi 1231 

JieMMa 3.3 

0opMyAa SIN^°'^ (a) npuHadACMCum KAaccy n„ dAfi ai = k 
u KAaccy Ai dAJi ol\ < k. 



JieMMa 3.4 

/^Afi Kaoicdozo n > 0.' 

1) MHOofcecmeo SIN^"^ saMKuymo e ai, mo ecmb Bar kumc- 
dozo a < ai 

sup(a n 5m<°i) G SIN^"^^- 
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2) MHOotcecmeo SINn HeozpanuueHO e k, mo ecmb eunoAHH- 
emcH sup SINn = k; 

3) 5JiV<"i (a) ^ SIN^'^^ {a) . 



JleMMa 3.5 

Ilycmb a G SIN^°''^ u ^yHKV,UM f C ai x ai onpedeAena e 
Lk[l] ^opMyAou 99"^"i(/3,7,/), ipeKil^i, 
mozda a aaMmym omHocumeAtHO f. 
B HacmHocmu, Oah naotcdoso n>2 

ecAU a G SINn, mo a = coa (e -Lfe). 

Cjieflyioii],He jieMMbi 3.6-3.8 npeflCTaBjiaioT sajKHbie TexHHHecKHe 
cpeflCTBa HccjieflOBaHHa cyGneflocTHxcHMOCTH. 

JleMMa 3.6 

JJah ecHKOzo m < n 

1) SIN<'^^ C 5/iV<"i; 

2) 6oAee moso, naoKduu a G SIN^"''^ amo npedeAbHuu opdu- 
HOA 6 SIN<°'^ : 

sup(an5/iV<"i) = a 

JJoKosameAticmeo. YTBepxcfleHHe 1) oneBH^HO, Tax KaK Kaxcflasi 
Em-4^opMyjia ecTb b to >Ke BpeMH E„-4)opMyjia. 
06pan],a5icb k 2) paccMOTpHM E„-yTBepjK/],eHHe 

37(/3 < 7 A 5/iV^(7)) 



c npoHSBOJibHOH KOHCTaHTOH /3 < a. 3to yTBepjKfleHHe BbinojiHa- 
eTca HHxce ai, noTOMy hto Sjiaro^apji 1) caivi opflnnaji a moxcbt 
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FjiaBa I. EasoBBsi reopna 



6biTb HcnojibsoBaH KaK 7. Ilocjie 3Toro S'/A^^"i-opflHHaji a 
orpaHHHHBaeT 9to yTBepjKfleHHe h neKOTopbifi S'/iV^"i-opflHHaji 
7 > /3 nosiBjisieTCJi HHxce a. H 

OHeBHflHO, HTO o6paTHoe yTBejK;];eHHe neBepno: cy6He/];ocTHJKH- 
Mbie KapflHHajibi HHorfla TepaioT 3to cbohctbo na cjieflyiomeM ypoBHe 
- HanpHMep, Bce HacjieflHHKH b flanHOM Kjiacce SIN^°'^ . 



JleMMa 3.7 

nycrnb 

< a2 < ai < k, a2 e SIN^°'^ 
mosda Oam ecHKOzo Q^^ -ymeepofcdeHU^ if{~^ ,V} 



fl,OKa3ameA'bcmeo. PaccMOTpHM yTBepxc^eHHe </p = 3a; ^,Z), 
^Pl G n„_i, H opflHHaji 

ao = rnin |a : Lk[l\ N v^i"' ^) } 

9Jt-reHepHHecKOH I. CorjiacHo jieMMaM 2.5 3), 2.7 ckq G 
dom (S^"^ C^)). TaK KaK 02 G SIN^"'''-, to 3to BjieneT ao < 
02 H no3TOMy o'-orpaHHHeHHe opflHHajioM cti yTBepjKfleHHH 
^<iQi (^^^^Qjg) MoxceT 6biTb saMeneHO na <'-orpaHHHeHHe 

OpflHHajIOM Q!2. CjieflOBaTejIbHO 

OcTajiocb o6paTHTb 9TO paccyxffleHHe. H 



JleMMa 3.8 

Uycmb a2 < oc\ < k, mozda: 



3. Cy6sefl,ocTV[iKTiMi>ie Kap/i,HHcUibi 
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1) EcAU a2 G SIN^^i, mo MHOMcecmeo SIN^°'^ n a2 co- 
cmaejMem HaHajimuu cesMenm MHOotcecmea SIN^'^'^ , mo ecmt>: 

(i) SIN<''^ n a2 C S7iV<°2 ; 

(ii) SIN<'^^ n sup (.s/iv<"i n 02) c 5iiv<"i . 

2) ^cyiw a2 G SIN^"'^, mo Oah Kaotcdoso m < n 

S7iV<°i na2 = 5JiV<°2. 

JJoKosameATicmeo. YTBepxcfleHHa 9toh jieMMbi flOKasbiBaiOTCH ana- 
jiorHHHbiM o6pa30M, no9TOMy npofleMOHCTpHpyeM bto paccyxc^e- 

HHe fljiH 

IlycTb a G S/iV^"! fl a2; Sy^eT ycTaHOBjieno, hto ^jih Kaxc^oro 
< a 

fljiH 3Toro paccMOTpHM jiro6oe f3 G dom (S^^^Ca^)). Tenepb HMe- 
eTCH /3 < 02 5 "o^ < H q;2 G , nosTOMy ^jih KajK^oro 

f3 < f3 MOJKHo saMeHHTb <\- -orpaHHHeHHe opflHHajioM 02 yTBep- 
jKfleHHH 'S', Ha <- -orpanHHenHe opflHHajiOM 

ai. OTCiofla H H3 OHpeflejieHHH 3.1 cjie^yeT 

H Tor^a a G SIN^°'^ BjieneT (3 < a. 3to osnanaeT, hto 
a H no9TOMy a G SIN^"'^ . H 

Kor^a yTBepxcfleHHa SKBHBajieHTHO npeoSpasyiOTCsi, to hx cneK- 

Tpbl MOryT MeHHTbCH. MOJKHO HCnOJIbSOBaTb 3TO HBJICHHC Jl^Jlil aHa- 

jiHsa cyGneflocTHJKHMbix KapflHHajioB. C 3toh Li,ejibio mm BBe^eM 
yHHBepcajibHbie (JjopMyjibi, HbH opflHHajibHbie cneKTpbi coctojit 
TOJibKO H3 cySneflOCTHxcHMbix KapflHHajiOB MeHbinero ypoBHa. ^jih 
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FjiaBa I. EasoBBsi reopna 



Gojibineii hchocth Bcex KOHCTpyKii,HH 6yflyT paccMaTpHBaTbca (jpop- 

Myjlbl 6e3 HHflHBHflHblX KOHCTaHT. HaHHeM CO CneKTpajIbHO yHH- 

BepcajibHOH 4)opMyjibi fljia Kjiacca BepxHne HH^eKCbi ^, ^ 

Sy^yT KaK npaBHjio onycKaTbcsi (Taivi r^e 9to ne noBjieneT neflo- 
paayMeHHii) . 

B flajibHefimeM flocTaTOHHO HcnojibsoBaTb orpanHHHBaiomHe op- 
flHHajibi TOJibKO H3 Kjiacca SINn-2, nosTOMy Besfle flajiee b Ka- 

HecTBe <- - HjiH <l-orpaHHHHBaK)mHX op/];HHajioB a paccMaTpn- 
BaioTca TOJibKO 5'IA^„_2-opflHHajibi hjih a = k (ecjiH kohtckct 
He osHanaeT HHoe). 

CjieflOBaTejibHO, Bce Taxne op^HHajibi a < k aBjiaiOTCJi KapflH- 
HajiaMH BHfla a = Ua Sjiaro^apsi jieMMe 3.5. 



Onpe^ejieHHe 3.9 

1) Mu HaaueaeM mohouiohhou cneKmpcuimo ynueepcaAhHou Oah 
KAacca S^'~ ^opMyjiou ypoensi n cjiedymvuyn) T^n-^opMyAy 

Un{l) = 3x Un-lix,r) 

sde Un-iiL) e n„_i u 

Un-l{x,l) Hh 3x' <- X u^_i{x',l). 

2) Mu HosueaeM cy6HedocmuotcuMO ynueepcajibHou Oah KAacca 
S^'~ ^opjuyAou ypoBHH n cjiedymvuym Ttn-^opMyAy 

util) = ^xut,{x,l) 

K'Liixd) Hh SINn-l{x) A Un-l{x,l). 



MoHomoHHan u cy6HedocmuDKUMO ynueepcaAtHasi Oah KAacca II] 



3. Cy6sefl,ocTV[iKTiMi>ie Kap/i,HHcUibi 
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^opMyAU eeodnmcH deoucmeeHHUM o6pa30M. 

3) EyAeeu SHaneHUH 

^^"H"), A^"i(a) ucneKmp S^"i 

cpopMyAU if = S^™ u ego npoeKV,uu (cm. onpedeAenue 2.4, zde 
<- CAedyem saMenumb na <) 6ydym Hoaueanibcn cy6Hedocmu- 
OKUMO ynueepcaAbHUMU ypoenn n nuotce ai u o6o3HaHambCH 
coomeemcmeeHHO nepea 

4) EcAU (a, A) G S^™^"i , mo a Hosueaemcn opdunaAOM ckqh- 
Ka amux cpopMyAu u cneKmpoe, a A Haaueaemcn ux 6yAeeuM 

SHaueHueM nuoice a.\. 

5) KapduHttA Qi HasueaemcH HocumeAeM amux cneKmpoe. H 



Hs 3Toro onpe/];ejieHHH h jibmm 3.4 2) ( fiJia n — 1 BMecTO n), 
2.5 3),2.7h3.8 nenocpeflCTBeHHo BbiTeKaioT cjieflyioii],He npocTbie 
jieMMbi: 



JleMMa 3.10 

2) dam {Sf'^''^) C SIN<^lndom{S^^) . 

3) Uycmb 

a G dom(S^'*i) u a' = min {a" G SIN<^1 : a" > a} , 
mosda 
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4) Uycmb 

a < a\ - npedejihHuu napduHOA e SIN^^l , 

mosda 

supdom(S7^°^i|a) = supdom(S^°i|a). 

JleMMa 3.11 

Tlycmb 

a2eSIN<^^ u ao = sup(5/iV<^i nas), 
mosda ^ ^ 

Ssin<a2|„, _GSin<ai|„, 
„ |ao — |q;o . 

/loKasameAhcmeo. IlycTb a < ao, (a, A) G S^"''^"^ jj no3TOMy 

A = A^^"^"2(a) >0. 

/l^jisi KajKfloro a' < a 6jiaroflap5i jieMMe 3.10 2) h jieMMe 3.8 
(ncnojibsoBaHHOH fljia n — 1 BMecTO n) 

SIN<^l{a') ^ SIN<^lia') 

H no3TOMy <- -orpaHHHeHHe op/];HHajioM 02 b vtbcpjk^ichhh 
(^F-{a'),l)) MOJKHo saMeHHTb Ha <- -orpaHHneHHe opflHHa- 
jiOM ai. 3to BjieneT 



A = A^'°^"i (a) u (a, A) G S^'^^^^i . 
OSpaTHoe paccyxcfleHHe saBepmaeT ^OKasaTejibCTBO. H 



Hama n,ejib - OTbiCKaTb cnocoS "cpaBHeHHsi" yHHBepcajibHbix 



3. Cy6He/],ocTH?KHMhie Kap^HHajibi 
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cneKTpoB flpyr c /i,pyroM na pasAUHHUx HOCHTejiax ai, pacnojio- 
jKeHHbix KOHcjaHHajibHO k, hto6m nOCTpOHTb MOHOmOHHyiO MaT- 
pHHHyro 4)yHKLI,HK). C 3TOit LI,eJIbIO eCTeCTBCHHO HCnOJIb30BaTb 3Ha- 

HeHHH reflejieBOH 4)yHKLi,HH Od na TaKHX cnexTpax. 
TaKJKe ecTecTBeHHO naftTH neKOTopbie oii;eHKH "HHcjaopMai^HOHHoft 
cjiojkhocth" TaKHX cneKTpoB nocpe/];cTBOM oii,eHOK hx nopaflKO- 
Bbix THnoB. 0/;HaKO h3 jieMM 12. 7| 12. 8| 13.101 cjie^yeT, hto, nanpn- 



BospacTaioT h nosTOMy hx nopaflKOBbie THnti BospacTaioT j\o k; 

KpOMe TOrO OHH BaMKHyTbl OTHOCHTejIBHO n„_2-c]3yHKIi;HH H T.fl. 



riosTOMy Tpe6yeMoe cpaBHeHHe TaKHx cneKTpoB BecbMa cjiojkho 
nojiyHHTb ecTecTBeHHbiM aoji^khbim o6pa30M, Tax KaK ohh "cauiu- 
KOM omAUHawmcfi" jxpyv ot flpyra na nponsBOjiBHO Gojibiuhx ho- 
CHTejiax ai- 

SnaHHT, HHHero He ocTaeTca KpoMe HCHOJibsoBaHHH b flajibHeltHieM 
cneKmpoe, pedtmupoeauHux k HtKomopoMy cf)UKCupoeaHHOMy Kap- 
duHany, a, p^ajiee, pedyyupoeaimux Mampuu,. 




HaKaHjiHBaroTCH, Kor^a q, ai 



CneRTpbi 



(gsin<ai o6jiaflaiOT aHajIOrHHHblMH CBOHCTBaMH. 



FjiaBa I. EasoBBsi reopna 



4. Pe/iyu,HpoBaHHMe cneKxpbi 
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4 Peflyii,HpoBaHHi>ie cneKxpbi 

Sflecb Mbi HaHHHaeM (JjopMHpoBaTb ochobhoh MaTepnaji fljiH no- 

CTpoeHHH MaTpHHHblX 4)yHKII,Hit - peflyiI,HpOBaHHbie MaTpHII,bI. 

C 3Toii ii,ejii.io Mbi paccMOTpHM Heo6xo/;HMbie npe/];BapHTejibHbie 
KOHCTpyKii,HH - pe/i,yii,HpoBaHHbie cneKTpbi. 

^jiH opflHHajia X ^ ^ nycTb oGosHanaeT MHO>KecTBO 

{p € P : dom{p) x} ^ By. oGosHanaeT noflajire6py B, no- 
poJKfleHHyio Py. B Lk- J^Jia KajK^oro A G B BBefl^eu MHOxcecTBO 

A\x = {peP^:3q{p= q\x/\q<A)} 

KOTopoe HasbiBaeTCH SHaneHHeM A, peflyii;HpoBaHHbiM k x- Xo- 

pomo HSBeCTHO (cm. [IE]), HTO 

H nosTOMy KaJKfloe A € B^. coBna^aeT c X^^Tx- HosTOMy 
6y/i,eM OTOJKflecTBjiHTb KajKfloe A € By. c ero peflyii,HpoBaHHbiM 
SHaneHHeM A\x', h CHOBa cjie^yeT OTMeTHTb, hto HMeHHO noBTOMy 
KajKfloe SHaneHHe A G By. 3to MHOJKecTBO b L^, He Kjiacc, h B^ 
paccMaTpHBaeTCH KaK MHOJKecTBO TaKHX SHaneHHlt. 

OnpeflejieHHe 4.1 

Uycmti X ^ ^; ai < A;. 

1) ^ytii ecHKOzo a < ai eeedeM 6yAeeu ananeHUH u cnenmp: 

Sf^^^Tx = {(«; Ar^"H«)Tx) : a < ai A Af ^"H«)Tx > 0}. 

2) Smn SHaueHUH, cnenmp u ezo nepeasi u emopan npoeKV,uu na- 
SMeammcH cy6HedocmujfcuMO ynueepcaAbHUMU pedynupoeauHU- 
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Fjiasa I. EasoBaa Teopna 



Mu K X ypoeHH n HUMce a\. 

3) Ecjiu (a, A) € S^'°^"^ \x, rno a Haaueaemcn opdunanoM 
CKauKa amux cneKmpoe, a A Hasueaemcfi ux 6yAeeuM snaueHU- 
eM pedyUiUpoeaHHUM k x humcc oi . 

4) KapdunaA ai imaueaemcH HocumeAeM amux cneKmpoe. H 

AHajiorHHHbiM o6pa30M mojkho BsecTH MHoroMepHbie pepyu^apo- 
BaHHbie cneKTpbi. '^^ 

^ajiee Bcer^a npeflnojiaraeTCH, hto x saMKHyT OTHOCHTejibHO 
4)yHKii,HH napbi; ecjiH x = /c, to Bce ynoMHHaHHH o x Sy^yT 
onycKaTbca. 

CjieflyiomHe ^Be jieMMbi HeTpy/i,Ho nojiyHHTb hs onpe/i,ejieHHli 13. 9| 
IOh jieMM lXTUllXm 

JleMMa 4.2 

dom (sr^"'Tx) ^ dom (s^^"') C SIN<^I n (iom(s^"i). 

JleMMa 4.3 

Uycmb 

02 E 5/iV<^2' " «o = sup(5/iV<^i n aa), 

mozda _ _ 

(S~Tx)|ao = (Sf^"^Tx)|«o . 

H 

Cjieflyromaa jieMMa anajiornHHa jieMMe 12.51 h cjie^yeT h3 onpe^e- 
jieHHH: 

JleMMa 4.4 

Uycnib a < ai, X ^ k, moada: 



4. Pe/iyu,HpoBaHHMe cneKxpbi 
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1) sup dom (s^'-^^^ifx) < k. 

2) S^^'^^^ifx; dom (S^'°^"ifx) An-onpedenuMU, a 

rng ^S^™'^"^ \xj Tin-onpedeAuma e dnn ai = k. 
JJah ai < k amu cnenmpu Ai-onpedeAUMu; 

3) a £ dom ^8^'°^"^ \xj ecAU cymecmeyem dJl-seHepuHecKaM 

/G Af^"H«)Tx; 

4) TX = E rng (sr^^^Tx) • H 

KaK H B jieMMe 12.51 3) yTBepjKfleHne 3) sflecb flejiaeT bosmojk- 
HbiM oGnapyjKeHHe op/;HHajioB CKaHKa a c noMoiii,bK) renepHHe- 
CKHX 4)yHKii,HH /; 3Ta TexHHKa HcnojibsyeTCH HHJKe b flOKasaTejib- 
CTBe jieMMbi 14.61 Mojkho oGohthcb 6e3 3Toro, Hcnojibsya bmbcto 
I ycjioBHH p <Zl c /];ocTaTOHHO fljiHHHOH o6jiacTbK) onpeflejieHHH. 

Tenepb o6paTHMCH k o6cyjKfleHHK) cneKTpajibHbix nopH/;KOBbix 
THnoB. EcjiH X 3TO BHOJiHe ynopHflOHeHHoe MHOJKecTBO, TO ero 
nopHflKOBbiH THn o6o3HaHaeTCH Hepes OT(X); 
ecjiH X 3TO 4)yHKii,HH CO BnojiHe ynopHflOHeHHOH o6jiacTbK) onpe- 
flejieHHH, TO Mbi nojiaraeM, hto ero nopaflKOBbiH thh 3to opflHHaji 
OT{X) = OT{dom{X)). 

FpyGaa BepxHHH oii;eHKa cneKTpajibHbix thhob nenocpeflCTBen- 
Ho BbiTeKaeT hs jieMMbi [TTI l-Pxl ~ Ixl ^ GCH b ■ 



JleMMa 4.5 _ 

OT(Sf^-iTx) < X 
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FjiaBa I. EasoBBsi reopna 



Tenepb o6cyflHM oii;eHKH cnnsy TaKHx thhob. 3/i,ecb BosHHKa- 
eT jieMMa, BecbMa cymecTBeHHaa fljia flOKasaTejibCTBa ochobhoh 
TeopeMbi. Ona noKasbiBaeT, hto KaK tojibko opflnnaji S < 

oupejifiwu Hcpes HeKOToptie opf^nHajibi CKaHKa cy6He;];ocTHJKHMO 
yHHBepcajiBHoro pc/];yii;HpoBaHHoro k x cneKTpa, to nopaflKOBbiH 
THH 9Toro cneKTpa npeBocxo/i,HT 6 npn neKOTopbix ecTecTBennbix 

yCJIOBHHX. 

Mbi SyfleM HcnojibsoBaTb s^ecb h b flajibHeHineM ivieTOfl pac- 

cyjKfleHHH, KOTopbiH MOJKeT GbiTb HasBaH pacm,enAHmm,UM Memo- 
doM. B cBoeM npocTeiiineM BapnanTe oh coctoht b pacmenjieHHH 
HeKOToporo paccMaTpHBaeMoro SHaneHna 

A = Sr^"^Tx(a) 

(hjih HecKOJibKHx TaKHx SHaHeHHn) Ha HocjieflOBaTejibHOCTb ero 

HacTCH, KOTopbic saTCM npHHHCbiBaroTCH HocjicflOBaTCJibHO pac- 
HOJiojKeHHbiM 6'/iV^_^]^-KapflHHajiaM cooTBeTCTBenno, nocjie neKo- 
Topbix Hx HesHaHHTejibHbix TpaHc4>opMaii,HH. Ilocjie STOrO TaKHe 
KapflHHajibi CTaHOB5iTC5i KapduHOMMU upedcKaHKa SToro cneKTpa. 
HpcflBapHTCjibHO ^.JiH 3Toro Kap;];HHa.Ji a Jio.nyKCH 6biTb (fiuKcupo- 
ean neKOTopoii 4>yHKn,HeH I, to ecTb OJl-renepHHecKoii 4>yHKu,HeH 
I G A. 

^jiH HeKOToporo yflo6cTBa 6yflyT HcnojibsoBaTbCH TpaflHLi,HOH- 
nbie oSosnaHennsi opflnnajibHbix npoMexcyTKOB c KOHn,aMH ai < 
0:2: 

[ai,a2[ = 02 — ai; ]ai,a2[ = 02 — (ai + 1); [01,02] = 
(02 + 1) - oi; ]ai,a2] = ("2 + 1) - (ai + 1) (sflecb h ^a- 
jiee «! , a2 bto MnoxcecTBa Mcnbrnnx opflnnajiob) . 

JieMMa 4.6 (O cneKTpajibnoM Tnne) 

Tlycmb opduHGAU 6, x, ckq, ai maKue, umo: 

(i) 5 <x^ <Q.Q <Q.\ < k ; 



4. Pe/iyu,HpoBaHHMe cneKxpbi 
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(it) SINn-2 (ai ) A 0T{SIN<^1 ) = ; 
(ill) SIN<^1 (x) A sup dom (sr^^) = X / 

(iv) Y.rng{st^^)^B^; 

(v) ao E dom (s^^^'Tx) / 

(^m^ 6 onpedeACH e Lk uepes opdunaAU oq, x ^opMyAou 
KJiacca S„_2 U n„_2 - 

Tozda '5 < Or(S^''^^"iTx) • 

/JoKaaameAbcmeo. BsefleM cjie^yiomHe cJjopMyjibi, onHCbiBaromne 
cymecTBeHHbie acneKTbi CHTyaii,HH HHJKe ai. 

Ho ycjioBHK) (m) cymecTByeT S„_2Un„_2-4^opMyjia 'ipQ{ao,x,^), 
onpeflejiaiomaa (5 nepes ao = ao, X = Xi to ecTb 6 = 6 3to 
eflHHCTBeHHbiH op/];HHaji, BbinojiHHromHH iJjo(ao,x,S) b L/j. 
Bjiaro/];apH ycjioBHM (i), {iii), JieMMe 3.5 h MHHHMajibHOCTH KapflH- 
Hajia k, X 3TO CHHryjiapHbift KapflHHaji, a Tor/;a no JieMMe 1.3 2) 
fljiH KajKflOH 9Jt-reHepHHecKofi 4)yHKii,HH / 1 x na x opflHHajibi 
X, CHeTHbi B L,t [/| x]- 06o3HaHHM Hepes (/ : loq — > 6 + 1) 
4)opMyjiy 

"/ OTo6pajKaeT ujq na 6 + 1" . 
B ajire6pe Bj^ HMeeTCH 6yjieBO SHaHenne 

113/ (/: .,0^5 + 1)11^=1 
B— 

H no3TOMy cmecTByeT hmh f £ Lj^^ p^jia KOToporo 

11/ : a;o — > 6 + 1||^ = 1 

B By (cm. J8]). HosTOMy cymecTByeT opflnnaji onpe^ejiH- 
Mbiit Hepes ao = ao, X = X cjieflyiomeH 4)opMyjioH, KOTopyio 
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Fjiasa I. EasoBaa Teopna 



o6o3HaHHM Hepea ipi{ao,x, (3)' 

3d < ao(V'o(ao,X,'^)A 
A/3 = min{/3' : F(/3') G L^^ A \\F{/3') : ujq — >5+l\\^ = 1}). 

Hs ycjioBHH (a), (v) H jieMM 13. 8[ 14.21 cjie^yeT oq S SINn-2, a 
Torfla no ycjioBHK) (i) h jieMMe 3.5 BbinojiHHeTCH /? < ag. /],ajiee, 

H3 (ii), (v) H TOH JKe jieMMbi 14.21 cjiejyex cxq £ dom ^S^'°^"^^ h 
no3TOMy MOJKHO onpeflejiHTb opflnnaji CKaHKa 

a'o = min([x, ao] n dom (^S^^^^^^^ ) ) . 
Tax KaK XjC^o ^ ^^-^n-h (^^0) (^^) cjie^yeT 

H Kap/i,HHaji X onpeflejiaeTCH nepes Oq = Og (JjopMyjioft 

X = sup dom (^Sn™^"°^ , 
KOTopyio o6o3HaHHM Hepes '(/'2(«0,X)- 

By/i;eM nojiaraTb, hto cJaopMyjibi ^/Ji, i = 0,2, npeoGpasoBanbi b 
Hx npeflyHHBepcajiBHbie 4)opMbi; flajiee ohh 6yflyT HcnojibsoBaHbi 
B renepHHecKHX pacmnpeHHax h b nofloGnbix cjiynasix ohh 

6yflyT pejiHTHBHSHpoBaHbi K KOHCTpyKTHBHOMy Kjiaccy H o6o3Ha- 
HeHbi Hepes i = 0, 2. 

Tenepb HannnaeT fleftcTBOBaTb pacu^enAHWinuu Memod. /],Jia 
BToro Heo6xo/;HMO Hcnojib30BaTb npHMbie npoH3Be/i,eHHH 4)yHK- 
Li,HH. riycTb lQ,...,lm G ^k; Ha k onpeflejiaeTCH 4)yHKH,HH I = 
lo ® ...el m cjieflyion],HM oGpasaM: pfls Kaxcfloro opflnnajia a < 
k, a = ao + (m + l)i + j, r^e opflnnaji npeflejibHbili a 

i G i ^ "T-) ona HMeeT SHaneHHe l{a) = lj{aQ + i). 06o- 

3HaHHM Hepea (, )™' onepaLi,Hio, peKOHCTpynpyromyio Ij no /, 



4. Pe/iyij,HpoBaHHMe cneKxpbi 
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TO ecTb Ij = (Oj*- HsBecTHo (cm. CojioBaft |26)). hto / 3to 
97t-reHepHHecKaH 4)yHKii;HH na k ecjiu Iq 3to OTt-renepHHecKaH 
4)yHKi];HH H Ij - 9Jt [/q © ••• © ^j-i]-reHepHHecKaH 4)yHKii;HH Ha k, 
j = l,m. 

Mbi bosbmSm sflecb renepHHecKHe Iq, li, htoGbi sacJaHKcnpoBaTb 
6yjieBi.i SHaneHHH cneKTpa na KapflHHajiax CKaHKa QQ) c^O' '^'^ 

eCTb BOSBMCM Iq, li TaKHe, HTO 

Hx cymecTBOBaHHe cjie^yeT h3 jieMMbi 4.4 3). 

Tenepb paccMOTpHM cJaopMyjiy (p = 3a ipi{a,l), coGnparomyio bcto 
nojiyneHHyio HHcJjopMai^Hio o cHTyaii;HH HHJKe ai h saflaiomyro 
paciii,enjieHHbie 6yjieBbi sHaneHHa na opflHHajiax cKanxa (^'qi 
rfle ipi 3TO cjie/;yK)iii,aH cjsopMyjia: 

5/iV„_i(a) A 

A3ao < a3aQ < oqBx < agB/? < ao^i S cjo3(5 < ao36i < 63p G P-^ 

[SIN<^,{ao) A 5/7V<_",(a^) A u^^.MDl) A 5;?^i(a[„ (i)?) A 

AV-o ("0, X, A V'f'Cao, X, P) A V'2 (a'o, X) A 
A(i)i(u;o) = iApC (/)3 Ap< ||F(/3)(i) = 5,||^A 

AOr{a' < a : SIN<^^{a')} = oq + -5,] . 

3Ta 4)opMyjia coflepjKHTca b n„_i, Tax KaK Bce ee nepeMennbie b 
KBa/;paTHbix CKo6Kax orpaHHHeHbi S/A^^^-i-nepeMeHHoft a. J^Jin 
KajKfloro 6 < 6 o6o3HaHHM nepes ag Kap/i,HHaji a <ai TaKoit, 

HTO 

SIN<"1 (a) A OT{a' < a : SIN<^^{a')} = ao + S ; (4.1) 
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TaKOH Kap/;HHaji cymecTByeT 6jiaro/;apH ycjioBHro (ii) a jieMMe 3.5. 
HoKajKeM, HTO KayKffbia as 3to opflHHaji CKaHKa (p HHJKe ai, 
nocpeflCTBOM pacmenAenun ynoManyTbix 6yjieBbix SHaneHHlt. C 
3TOH ii;ejibro paccMOTpHM QJl-renepHHecKyio 4)yHKii;HK) na k I = 
lo®li®l2® h xaKyro, hto 



(4.2) 



^0 



3a<aoiSIK^l{a)Au^^^\ial)) \x ; (4.3) 



(4.4) 



3a<a'oiSIN^^l{a)Au^^\{al)) \x ; (4.5) 



^2(^0) = is ; 



(4.6) 



3p G P^{p ChAp< \\Fi(3)ii6) = (4.7) 



fljiH cooTBeTCTByromero is G ujq; s^ecb cymecTBOBanne I2, I3 
OHeBHflHO. Hs (gill), (j44]l . (146]) . (HT)) h (gj]) cjie^yeT 



/ G 



(4.8) 



Torfla H3 (14. 3p . (14. 5 p HeTpyflHO saKjiioHHTb, hto 
l*^ 3a < as iff' {a, I) \x ■ 



BMecTe c (|4.8p 3to BjieneT as G dom ( S^"^ \x ] ■ Hocjie 3to- 
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ro c noMomtro ycjioBHH (ii) HeTpyflHO BHfleTb, hto flJiH KajKfloro 
5 < 5 dom ^S^™^"^ coflepjKHT Kapflnnaji, cjieflyromnli sa 

HesHaHHTejiBHO ycjiojKHHH 3TO paccyjKfleHHe mojkho flOKasaTb 
3Ty jieMMy fljia cjiynaeB, Kor^a opflHHaji 5 onpeflejien nepea x 

H HeCKOJIBKO KapflHHajIOB CKaHKa 

HjiH KapflHHajiOB npe/;cKaHKa. JlerKO TaKJKe BH^eTb, hto 3Ta jieu- 
Ma cnpaBefljiHBa h b tom cjiynae, Kor^a opflHHaji 6 onpeflejiHM 
4)opMyjioli AK)6ozo ypoenn, ho orpaHHHeHHoft oflHHM hs 3thx Kap- 

flHHajIOB. 

JleMMa 14.61 /i,onycKaeT pasHooGpasHbie ycHjieHHH h Bepcnn, oflna- 
Ko OHH GespasjiHHHbi fljiH flajibHeftinero h nosTOMy onycKaioTCH. ^) 

B 3TOM flOKasaTejibCTBe HHTepnpexHpyeMbie b cJjopMyjibi CHa6- 
jKajiHCb BepxHHM HHfleKCOM L npn nepexofle K pacniHpeHHHM Lfc. 
B flajiBHeitmeM 3tot HHfleKC 5yfleT onycKaTbCH, ecjiH cooTBeTCTBy- 
lomHH nepexofl noflpasyMeBaeTCH KOHTeKCTOM. 



JleMMa 4.6 o cneKTpajibHOM THne yxasbiBaeT na BajKHeitmee 
CBoiicTBO peflyii,HpoBaHHbix cneKTpoB napafly c hx HHcJaopMaTHB- 

HblMH CBOHCTBaMH (cM. JieMMy 5.1 HHJKe) . 

OflHaKO Bce eme ocTaeTca cjieflyromee cymecTBeHHoe npensTCTBHe: 
TaKHe cneKTpbi na hx paajiHHHbix HOCHTejiHX He Bcer^a MoryT 
6biTi. cpaBHHMbi jxpyr c flpyroM OTHOCHTejibHO hx 6a30Bbix cbohctb, 

HOTOMy HTO HX o6jiaCTH OHpeflejieHHS - OpflHHajIBHbie CHeKTpbl - 

MoryT coflepjKaTb npoHSBOjiBHO Gojibmne KapflHHajibi < k Kor^a 

HX HOCHTejIH B03paCTaK)T flO k. HtoGbI HpeOflOJieTb 3TO HpeHHT- 

CTBHe Mbi Hpeo6pa3yeM hx b peflyu;HpoBaHHbie MaTpHH,bi b cjiefly- 
K)H];eM Haparpacjae. 
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5 Pe^yii,HpoBaHHi>ie MaTpnu,!.! 

Mbl HaHHHaeM 4)OpMHpOBaTb MaTpHHHbie 4)yHKn,HH. ;HjI5I STOrO, 

o6jia/];aH pe/];yLi;HpoBaHHi.iMH cneKTpaMH, mbi uepexopjiM k hx npo- 
CTbiM TpaHc4)opMaLi,HaM - peflyii,HpoBaHHbiM MaTpHii,aM, cjiyjKa- 

SHaHeHHHMH TaKHX (J)yHKIl,HH. TaKHB MaTpHn,bI nOJiyHaiOTCH 

H3 peflyn,HpoBaHHbix cneKTpoB npocTbiM H30Mop4)HbiM nepeHHCJie- 
HHeM HX oSjiacTen onpeflejienHsi: 

Onpe/i,ejieHHe 5.1 

1) Mu HasueaeM Mampuv,eu pedimupoeaHHOu k opdunaAy x 

6oe omHomenue M , eunojiHHwmee cjiedytovnyw ^opMyAy, o6o- 
3HaHaeMyto nepea fj,{M,x)-' 

(M amo cfiyHKii^usi) A {dorn{M) amo opdunaji) A rng{M) C B^. . 

2) Uycmb M 9mo Mampuv^a u Mi C k x B. Mu uaaueaeM 
HttAOMceHueM Mampuvfii M na Mi (j}yHKV,UK) f, evmoAHSimmyn) 
CAedytoxju^yw (popuyAy, oCoaHauaeMym nepea f : M ^ Mi : 

(/ 91710 nopndKoeuu u30Mop<pu3M dom{M) na dom{Mi)) A 



EcAU HaAoofcenue cyiu,ecmeyem, mo zoeopuM, nmo M HUKAadu- 
eaemcH na Mi u numcM M =^ Mi . 

3) EcAU Mampuv^a M uaKAadueaemcn na cnenmp S^™^" \x, mo 
M Hoaueaemcn Mampu%eu amozo cnenmpa na a, uau cy6Hedo- 
cmuoKUMO ynueepcaAhHou Mampuv,eu ypoenn n pedyv,upoeaHHOu 

K X "Ha a. 

4) B amoM CAyuae ecAU (a', A) G S^™^"[x; ck' naauea- 
emcH KapduHGAOM CKanna Mampwuu M , a A Hosueaemcn ux 
6yAe6UM SHaneHueM na a. 



A^a, a'VA, A'(/(a) = a' A (a, A) G M A {a', A') e Mi 
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5) B amoM CAyuae Kapdunaji a Hasueaemcn HocumeAeM Mam- 
puvfii M. H 



Ho 3TOMy onpeflejieHHK) ecjiH M =^ S^™^" [xj to 

rn5(M) = rn^7(Sf<^"Tx), 

no3TOMy HaHHHaa c 3Toro MecTa mbi 5y/i,eM paccMaTpHsaTb 6yjieB 
cneKTp Ha a TaKJKe KaK rng{M). 

BBefleHHbie Bbime MaTpHii,bi MoryT 6biTb nasBaHbi oflHOMepHbiMH; 
cjieflya STOMy onpeflejieHHro mojkho bbbcth MHoroMepHbie MaTpn- 
ii,bi, HaKjiaflbiBaeMbie na MHoroMepHbie peflyi^npoBaHHbie cneKTpbi 
Toii JKe pasMepHOCTH ( cm. KOMMeHTapnit 4) fljiH 6ojiee tohkofo 
anajiHsa yTBepjKfleHHii namero HSbiKa. MnoroMepHbie MaTpHLi,bi 
3Toro THna ncnojibsoBajiHCb aBTopoM ppjivoe BpeMH KaK ochob- 

HOft HHCTpyMeHT HCCJieflOBaHHH CyGneflOCTHJKHMOCTH. 

B flajiBHeitmeM HOCHTejiH a h peflyu;HpyK)iii,He KaopflHHajibi x 
Bcerfla 6yflyT 5'/A'„_2-KapflHHajiaMH, x < a < /c (ecjiH tojibko 
He paccMaTpHBaeTCH HeKOTopbift flpyroft cjiynali). 

Ha 3Toro onpeflejiennH h jibmm 14. 4[ 14.51 BbiTeKaroT cjieflyromHe jiae 
jieMMbi: 



JleMMa 5.2 

OopMyAU 

npuHadAecHcam coomeemcmeeHHO KAaccGM n„,S„-|_i Bah a = k 
u KAaccy Ai dAH a < k. 
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JleMMa 5.3 

Uycmb 



M ^ S; 



siiKo' 
'n 



mozda 



1) u 



rsiri' 

■n 



©11 \x = T.rng{M); 



2) OT{M) = dom{M) < Od{M) < x+. 



ITocjieflHee yTBepjKflenHe noKasbisaeT, hto Tenept peflyi^HpoBan- 
Hbie MaTpHi];bi MoryT 6biTb cpasHeHbi ;i;pyr c flpyroM (b CMticjie 
reflejieBOH c]3yHKLi,HH Od) moAbKO enympu a 3to o6cto- 

STejibCTBO flajiee c^ejiaeT bosmojkhbim onpeflejienne MaTpHHHbix 

4)yHKII,HH C HyjKHblMH CBOHCTBaMH. 

OcHOBHyK) pojib flajiee nrpaioT MaTpHii;bi h cneKTpbi, peflyi^npo- 
BaHHbie K TaK nasbiBaeMbiM nojiHbiM Kap/;HHajiaM; hx cymecTBO- 
Banne cjie^yeT h3 jieMMbi 12.51 1) (flJiH 5^™, k KaK ip, ai coot- 
BeTCTBeHHo) : 

OnpeflejieHHe 5.4 

Mu HasueaeM uoahum opduHUAOM ypoeuH n ecmuu opdunaA 
X maKou, umo 



HauMeHbULUu U3 manux opdunaAoe o6o3HaHaemcM uepes x* > ^ 
mo epeMM nan SHaueHue \\u^l'^{r)\\ o6o3HaHaemcH uepes A* . 

JleMMa 5.5 



1) X* = sup dom ( S: 




sup dom (S„) < k 



2) 5/iV„_i(x*) , X*=u:x* 
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isin 
n 



) 



) = OT{dom{Sn))=X*; 



4) sr = sr = sr \x*; = sT* = Sn \x*; a* = a* \x*, 



u anajiozuHHO Bah pedyKU,uu amux cnenmpoe k Aio6oMy SINn-i- 
KapduHaAy > x* ■ 

ffoKasameA'bcmeo 1) cjie^yeT h3 jibmm 3.10 2), 2.7, 1.1; yTsepjKfle- 
HHe 2) cjieflyeT h3 jibmm 13.101 2). 13.41 1), 13.51 (flJiH ypoBHS n — 1) 
Korfla ai = A;. Ilocjie 3Toro 3), 4) ycTanaBjiHEaioTCH nocpeflCTBOM 
pacmenjiHromero MeTOfla flOKasaTejibCTBa jieMMbi 14.61 H 

MoJKHO BHfleTb, HTO jieMMa 5.5 2) HaHjiynmaH BOSMOJKHaa h 



Hs 3TOH jieMMbi cjieflyeT eme o/;ho BajKHoe cbohctbo nojiHoro Kap- 
flHHajia, ycHjiHBaiomee jieMMy 3.2 (flJiH ai = k,a = x*)) noTOMy 

HTO 3fleCb X* 3TO TOJIBKO S/A^n-l-KapflHHaji: 

JieMMa 5.6 

Uycmb Vx 3mo -ymeepcHcdeHue, ip G mozda: 

1) ecytii (/9 codepoicum UHdueudnue KOHcmaHmu moAbKO us L^** , 
mo Bar KacHcdou ^-zenepuHecKou ^yHKV,uu I 



2) ecAU (/? codepMcum UHdueudnue KOHcmaHmu <\ x* moAbKO 
U3 Lk u He codepcHcum I, mo 



X* i SINn. 




Lk 1= (Vx <x* < — > Vx if) ; 
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JJoKosameATicmea 1) - 3) anajiorHnHbi h cbo^jitcsi k TOMy, hto Bce 

opflHHajibi CKaHKa yTBepjK/];eHHH 3x ^ip (ecjin ohh cymecTByioT) 
MeHbme neu a b 3) flajKe Menbine neM loq] nosTOMy npo^e- 
MOHCTpHpyeM Hx CHanajia fljia 2). 

IlpeflBapHTejibHO nyxcHO c^ejiaTb cjie^yiomee npocToe saMenaHHe: 
fljiH BCHKHx X € Lfc, m > 2, a G SIN^ h QJl-reHepHHecKofi Z 
BbinojiHaeTca a; < a — > x <^ a. 

IIosTOMy B TaKOM cjiynae orpanHHenHe x <\ a cjie^yeT paccMaT- 
pHBaTb KaK Od{x) < a b L^. h KaK Od!'{x) < a b Lk[l]. 

PaCCMOTpHM yTBCpjK/];CHHC V.T (p{x,aQ), ip G TOJIbKO 
C O^HOH HH^HBH^HOH Op^HHajIbHOH KOHCTaHTOH Oq < X* (AJIH 

Gojibmeli hchocth) h nycTb £ (iom ^S^'°^ (nHane mojkho hc- 

nojibsoBaTb jieMMy 5.5. 3) ). CnaHajia KocTaHTa ao flOJiJKHa 6biTb 
3a4)HKCHpoBaHa KaK b ^OKasaTejibCTBe jieMMbi 4.6 HeKOTopofi QJl- 

* 'Tsm.. , 

renepHHecKOH / G A„ (q;o)- IIpeflnojioxcHM, hto 

Lk 1= 3a;-.<y9(x,ao), 

Tor^a 

Lk[l] N 3a (yCi(Q;,l) 

rfle </?i(a,i) 3to cjieflyromaa n„_i-4)opMyjia: 

SINn-i{a) A3a' <a(j,e A^'''''"(q;') A 3x < a;^(^^(a;, a')) • 

yTBe>KfleHHe ^2(0 = 3a (pi{a,l) yjKe ne HMeeT hhahbhahmx 

* 

KOHCTaHT H BbiHOJiHsieTCsi Z G Ai^j (^t) flJi3 HeKOToporo ero OpflH- 
HajiacKaHKa a. Ilo jieMMaM 2.7, 5.5 1) a < x* h fljia neKOToporo 
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opflHHcUia a' < a 

Lk[l] \= (^le ^^'"""(0') A3x< a^ip^{x,a')^ . 

TaK KEK a G 5/iV„_i a a' < a, to 3;;eci. mojkho onycTHTb 
orpaHHHeHHe <l' a h no3TOMy I G (a'). 3to BjieneT a' = ao 

H 

H, HaKOHen,, 

Lk N ^x<x*^f{x,ao). 

06pamaHCi. k 3) npe/];nojiojKHM, hto N 3x—'(p(x), Tor^a fljia 
KajKflOH 9Jl-reHepHHecKOH I 

Lk[l] N 3« if^ia) 

<^i(q;) = 3x < a-'(p{x). 
Hs jieMMbi 1.4 acHO, hto 

pa y^ha)!! =1 

H fljiH KajKfloro a 

lkf(«)||e{0;l}. 

IlycTb n 9TO re^ejieB HOMep 4)opMyjibi 3a <^f(Q;) n Pn = {{uJo,n)}. 
OTCiofla H H3 onpeflejieHHH 2.6, 3.9 moxcho BH^eTb, hto 

Pn < II 3a Un_i(a,Z)|| 

H pjiK Kaxcfloro a 

■ ||S„_i(a,l)|| = UAU Pn < ||nn_i(a,i)|| . 
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3th yTBepjK;],eHHH coxpanaioTCH npn peflyLi,HpoBaHHH k % = 
u>o + 1 sHaneHHH ||-u„_i(a,{)||. Ho onpeflejieHHio 4.1 9to BjieneT 
cymecTBOBaHHe neKOToporo Kapflnnajia CKanKa TaKoro, hto 

— sin, — , 

p„- A„ (an)[(a;o + l) > 0. 

CjieflOBaTejibHO 

an € dom ^S™^7(a;o + 1)^ u «n < i^o- 
Ilocjie 9Toro no onpeflejienHsiM 3.9, 2.6 

N 3a' < a„ ^f{a') 

H, HaKOHeU,, 

H 

Hcnojibsya s^ecb apryMenTbi h3 flOKaaaTejibCTBa 2) moxcho pp- 
nycTHTb HHflHBHflHbie KOHCTaHTbi G doiTi ^S^"^J(a;o + 1)^ B Vxi^, 
HO B flajibHefimeM 9to ne noTpeSyeTca. 

B flajibHenmeM onenb ocoSyio pojib nrpaiOT Tax nasbiBaeMbie cuh- 
zyjMpHue Mampuvfii: 

Onpe^ejieHHe 5.7 

Hepes (t(x,Q!) o6o3HaHaemcn koh3K)hkv,um cjiedywvu^ux <pop- 
Myji: 

1) SINn-2{pi) A (x npedeAbHuu Kapdunaji < a) ; 

2) OT{SIN<^^) = a ; 



3) sup dom (^S^'"^^" fx) = a 



68 



Fjiasa I. EasoBaa Teopna 



M nycrm> <T(x,a,M) o6o3HaHaem ^opMyAy: 
a(x,a)A(M^Sr^°Tx). 

Mampuii,a M u cneKmp S^™^" \x pedyii^upoeaHHue k x nasuea- 
mmcH cumyAHpHUMU Ha HocumeAe a (na unmepeaAe [ai,a2[ ) 
ecAU eunoAHHemcn a{x-,Oi,M) (Bah neKomopozo a^[ai^a2[)- 
CuMBOA S daAee ucnoAbsyemcH Basi o6ui,ezo o6o3HaHeHusi cumy- 
AHpHux Mampuv,. H 

B /];ajibHeitmeM see MaTpHii,M a cneKTpti 6ydym pedyi^upoea- 
Hu K onpedeAtHHOMy KapdunaAy x ^ 6ydym cuHzyAHpnuMU na 
ux paccMampueaeMux HocumeAsix; Bce paccyjKfleHHH 5yflyT npo- 
BOflHTbCH B Lfc ( HjiH B 9Jt, ecjiH KOHTeKCT He yKasbiBaeT Ha 
flpyroft cjiyHait). 

Hs onpeflejieHHH 5.7 h JieMMbi 5.2 HenocpeflCTBeHHO cjie^yeT 
JleMMa 5.8 

1) OopMyAU (T(x,a), fT(x, a, M) npunadAecHcam KAaccy n„_2. 

2) EcAU C7(x, a); fno 

^f^"(x)rx < Y.'-^a (sf^^Tx) = ||2f^"a)|| \x. 

BjiaroflapH jieMMe 15.81 2) mojkho bbbcth cjie^yion^He BajKHbie 
KapflHHajibi: 

Onpe/i,ejieHHe 5.9 

nycnib eunoAHHemcH cj(x, a, 5*) , mozda mu uaaueaeM Kapdu- 
HaAOM CKauKa u KapdunaAOM npedcnauKa nocAe x Mampuvfii S 
u cnenmpa na HocumeAe a, uau, Kopoue, caMozo KapdunaAa a 
coomeemcmeeHHO CAtdymvuue KapdunaAu: 

4 = min{a' g]x, a[ : If^"(x) \x < TxA 
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^SIN<^,{a')}■ 

4 = sup{a' < : If^"(x) \x = Ir^"(a') 

ASIN<-,{a')}. 



B 3THX o6o3HaHeHHHx H Besfle flajiee HH^eKc x mo^kbt 6biTb 
onymeH, ecjiH oh BoccTaHaBjiHsaeTCH h3 KOHTeKCTa (hjih npoH3BO- 
jien). 

JleMMa 5.10 

nycmb eunoAHRemcR o"(x,a,'S'), mozda Kapdunanu a\^, a\ 
cymecmeymm u 

1) = mill |a' > X : a' G dom (s^'^'^^fx) } ; 

2) al<ai<a; ]al,ai[nSIN<^-^ = ; 

3) ai,a^e SINn^2 ■ 

floKasameAhcmeo 1), 2) cjie^yeT h3 onpeflejieHHH h jieMMbi 3.4, a 
/];oKa3aTejibCTBO 3) - h3 jibmm 3.6, 13.81 2) (flJiH k,a,n — 2 KaK 

a 1 , 02 ) COOTBeTCTBeHHo) . H 

Cjie/i,yioiii,aH jieMMa BMecTe c jieMMoli 4.6 o cneKTpajibHOM THne 

COCTaBJiaeT OCHOBHbie HHCTpyMeHTbl B o6pan];eHHH C MaTpHHHblMH 
4)yHKIi;HHMH H HpeflCTaBJIHeT BaJKHOe HHcJjOpMaTHBHOe CBOHCTBO 

peflyii;HpoBaHHbix MaTpnu; h cooTBeTCTByromnx cneKTpoB. 

CHX nop, paccMaTpHBaa peflyii,HpoBaHHbie cneKTpbi, mbi hc- 
nojib30BajiH rjiaBHbiM o6pa30M hx nepBbie npoeKii,HH, to ecTb op- 
flHHajiBHbie cneKTpbi. Hto KacaeTca hx BToptix npoeKii;HH (to ecTb 
peflyii;HpoBaHHbix 6yjieBbix cneKTpoB, hjih peflyu;HpoBaHHbix MaT- 
pHU,), TO OHH HrpajiH BCHOMoraTejiBHyK) pojib, cjiyjKa HHCTpyMen- 
TaMH B flOKa3aTejibCTBax jieMM l46| I5.5| [5^ h flpyrnx. OflnaKO 3th 
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BTopbie npoeKii;HH (hjih pe^yi^HpoBaHHbie 6yjieBbi cneKTpbi, hjih 
pe/i,yii;HpoBaHHbie MaTpHLi,bi) o6jia/;aK)T cjieflyromHM BajKHbiM xa- 
paKTepHCTHHeCKHM cbohctbom: ohh COflepjKaT HH4)opMaii,Hio o Ha- 
HajibHbix HacTHX yHHBepcyMa, orpaHHHeHHbix KapflHHajiaMH CKan- 
Ka Ha Hx HOCHTejiHX, TaK HTO Korfla TaKOH cneKTp hjih MaTpHu;a 
HepenocHTCH c oflHoro HOCHTejiH na flpyroft, CBOHCTBa TaKHX na- 
HajiBHbix HacTeft yHHBepcyMa coxpaHHroTca. Bojiee tohho: 

JleMMa 5.11 (O MaTpHHHOH HHcJjOpMaTHBHOCTH) 

Uycmb S 9mo pedyii^upoeaHHafi k x Mampu%a na HocumeAHX 
ai,a2 > X) HaKAadueaeMan na cneKmpu 

s ^ sr^^ifx, s sf^^^Tx 

Ha amux HocumeAHX, u nycmt> 

oi = (aio, an, aim), «2 = ("20, a2i, a2m) 
smo Kopmeotcu KapdunaAoe cnauKa U3 opdunaAbHux cnenmpoe 

dom (s^^^'Tx) , dom (s^^^'Tx) 

UAU KapduHaAoe npedcKauKa na amux HocumeAHX, coomeemcmey- 
loui^ue paenuM 6yAeeuM snaueHUHM: 

nycmh, HaKonev,, tlj{xi,X2, ■■■,Xm,L) 9mo npouaeoAbHaa (popMyAa 
npouaeoAtHozo ypoenn co ceo6odHUMU nepeMemuMU xi, X2,---, 
Xm u 6e3 UHdueudnux KOHcmaHm. Tozda 

(an , . . . , aim , i) Hh ^^"20 (a2i , . . . , a2m , i) . 



JJ^OKasameAbcmeo hpobo/;htch MeTO/;aMH, aHajiorHHHbiMH hchojib- 
30BaHHbiM B flOKaaaTejibCTBe jieMMbi 14.61 PaccMOTpHM fljiH 6ojib- 
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meii hchocth cjiynaii, Kor^a 4)opMyjia ^ He co;],epjKHT cBo6o;],Hbie 
nepeMeHHbie h hmh Z h at, 02 coctoht tojibko h3 KapflnnajiOB 
CKaHKa (hjih npe^CKaHKa) nocjie x na ai, 02 cooTBeTCTBeHHo: 

I i 

TaK KaK HMCHHO 3T0T cjiyHaft noTpe6yeTCH b ^laubHcitmcM. IlycTb 
ail, ct2i 3TO cjieflyioii],He sa aio, 020 KapflHHajibi cKaHKa b pe^y- 

Ll,HpOBaHHbIX OpflHHajIbHblX CneKTpaX COOTBeTCTBeHHO Ha HOCHTe- 

jiax ai, 0:2- 

HfleH flOKasaTejibCTBa coctoht b cjie^yion^eM: 
BbiHOJineHHe yTBepjKfleHHa ■^^"lo osnanaeT, hto snaneHHe 

A = Sf^"iTx(aii) 

co/];epjKHT cooTBCTCTByiomee ycjioBHe p £ b KOTopoM oho "3a- 
KOflHpoBano". Korfla S HepenocHTca c HocHTejia qi na HocHTejib 
a2 SHaneHHe 

A = Sf <°^Tx(«2i) 

Bce euifi coflepxcHT p h sto osnanaeT, hto ■i/;^"2o Toxce bbi- 
nojiHCHO. Ho 60JICC y;];o6HO HcnojibsoBaTb bmccto p HCKOTopyio 
OJl-renepHHecKyio (3pyHKii,Hio I, BKjiioHaiomyio p. Hhjkhhh hh- 
fleKC X B o6o3HaHeHHiix 6yfl,eT onycKaTbca fljia KpaTKOCTH. 

HiaK, nycTb A sto SyjieBO SHaneHne cneKTpa S^"'^"i[X) coot- 

X 

BeTCTByiomee aio = «!, to ecTb 

A = Af <"H«io)Tx, 

H nycTb HeKOTopaa OTt-renepHHecKaH 4)yHKi];H5i Z cJ)HKCHpyeT 
3TO A, TO ecTb I € A, nosTOMy ona (JjHKcnpyeT aio npn 
paccMOTpeHHH HocHTejiH ai H 4>HKCHpyeT 0:20 npH paCCMOTpeHHH 
HOCHTejia a2- Tlo onpeflejieHHio 4.1 

ZG||sr-\(«io,i)iirx; (5.1) 
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I i pa' < aio {SiKJ.ia') A K-M^'^L)) \\ \x ■ (5-2) 

TaK KaK aio G SIN^^^, to orpaHHneHHe < ai b (5.2) mo- 
TKBT SbiTb saMeneHO na orpanHneHHe <1 aio. Ilocjie onycKaHHsi 
peflyKn,HH % b (5.1), (5.2) OTcro^a cjie^yeT 

h € ||5ri(«io,i)|| ; 

/i ^ II 3a' < aio (S7<^\°(a') A uZ'°{a',l))\\ , 

r^e Zi 9TO HeKOTopaa QJl-renepHHecKaH (|)yHKLi,Hsi, coBnaflaromaa 
c Z Ha x; HO neKOTopoft KpaTKocTH 6yp,eM HcnojibsoBaTb 
npejKHHH cHMBOJi I. Topfla 3TO osHanaeT, hto 

Lk[l] N uTM^ioJ) A -3a' < aio {SIN^1\%a') A S:^\°(a',0) • 

(5.3) 

TaKHM oSpaaoM KapflHHaji aio onpeflejien b Lk[l] nepes ai h 
Taicace aHajiorHHHO a2o onpe^ejieH nepes I, a2 b Lk[l]- Tenepb 
paccMOTpHM yTBepjK/];eHHe ip(l) = 3a ?/'i(a,Z), r^e ■^i(a,Z) sto 
cjie/i,yion],aH n„_i-4)opMyjia: 



5/Ar„_i(a)AS„_i(a,l)A-3a' < a (5JAr<^i(a') A i(a',i)) A^^' 

Hs (5.3) HCHO, HTO 



Lk[l] N ^^"1° ^ N 3a < ai Vi^U^^O 



(5.4) 
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Ilocjie 9Toro cjie^yeT noBTopHTb aprjMeHT h3 flOKaaaTejibCTsa jieivi- 
Mbi 2.7: 4)yHKn,H5i I flojixcna SbiTb saMenena na 4)yHKn,Hio Iq k&k 

B (2.1) H B TO JKe BpeMH (]3opMyjia (/9 fifljiyKHa 6biTb TpaHc4)opMH- 
poBana b 4)opMy.Jiy (^2 6yKBajibHO KaK b 3tom flOKasaTejibCTBe, 
TO ecTb nocpeflCTBOM saivieHbi ero iio/j,(J)opMyji BH^a l{ti) = t2 
nofl4)opMyjiaMH (2.2) h TaK ^ajiee. IlycTb n sto re^ejieB HOMep 
4)opMyjibi ip2 H /o(^o) = n. B pcsyjibTaTe mbi nepexo^HM ot (p 
K cneKTpajibHo yHHBepcajibHOH (jpopMyjie h (5.4) BjieneT 

Lk[l] N ^ Lfc[lo] N 3x < ai uZ\{x,lo) ■ 

Hcnojibsya sfifiCb u^^^ bmbcto Un-i h3 onpeflejieHHa 5.7 moxcho 

BHfleTb, HTO 

Lk[l] N ^^"1° ^ Lfe[Zo] N 3x < ^ {x, h) . (5.5) 

AnajiHSHpyH KOHCTpyKLi,Hio 4)opMyjibi hs (5.5), (5.3) neTpy/i,- 

HO SaKJIIOHHTb, HTO 



HanoMHHM, HTO sflecb ail sto Hacjie/i,HHK aio b pe/i,yii,HpoBaHHOM 
opflHHajibHOM cneKTpe na HOCHTejie ai. B stom paccyxcfleHHH 
SHaneHHH lo{a) fljin a > x se HcnojibsoBajiHCb h nosTOMy 

Lk[l] N V'^"!" ^ /o e Af (aii)Tx . (5.6) 
MaTpHn,a S HaKjiaflbiBaeTca na S^™^"^ \x h nosTOiviy 
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Lk[l] N V'^^io w /o e Af ^"^(a2i)[x . (5.7) 

3to xce paccyxcfleHHe, noBTopenHoe enjiOTb flo (5.6), ho tojibko c 
ai,aio,aii saMeHeHHbiMH cooTBeTCTBeHHO na 0:2, 020^ ck21) ycia- 
HaBjiHBaeT, hto 

Lfc[i]hV'"-^o^/o€Af^"2(a2i)Tx. 

OcTaeTCH CpaBHHTb 3Ty SKBHBajieHTHOCTb c (5.7). 

B cjiynae, Kor^a coflepjKHT cBo6oflHbie nepeMennbie xi...,Xm 
H I, cjieflyeT cjie^yeT npoBecTH aHajiorHHHoe paccyjKfleHHe, pac- 
CMaTpHBaa necKOJiBKO QJl-renepHHecKHx 4)yHKn,HH 

H Hcnojibsya hx npHMoe npoHSBefleHne KaK b flOKasaTejibCTBe jieivi- 
Mbi 4.6. H 

HeSHaHHTejIbHO HSlVieHHH 9TO paCCyXCflCllMC nCCJlOJKHO lipOBeCTH 

ero fljiH KapflHHajiOB npe^CKaHKa ccio = a];^, 020 = Ci2^ ■ 

OcHOBHbie HHCTpyMeHTbi flOKasaTejibCTBa ochobhoh TeopeMbi - 3to 
MaTpHHHbie (|)yHKn,HH, npeflCTaBjiinomne coSoh nocjieflOBaTejibHO- 
CTH CHHryjiHpHbDc peflyn,HpoBaHHbix MaTpHn, cnen,HajibHoro BH^a. 
Cjie/];yioiii;asm jieMMa flOCTaBjiaeT bosmoxchoctb nocTpoeHHsi laKHx 

4>yHKLI,HH: 



JieMMa 5.12 

VxVq;o((x npedejibHuu napduHcui > uq) — >■ 3q;i > ao a{x,ai)). 
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floKasameAhcmeo. 3to n„-yTBepjKfleHHe He coflepjKHT hh^hbha- 

HblX KOHCTaHT HJIH / H n03T0My HO JieMMB 15.61 3) flOCTaTOHHO 

flOKaaaTb, hto oho BMHOJinaeTCH, Kor^a nepeMenHbie Q^o orpa- 

HHHeHbl KapflHHajIOM Wq. 

HTaK, nycTb x, < "^O' paccMOTpnM Kapflnnaji 



MojKHO BH/];eTb, HTO ai > Wq, h noBTOMy X) ckq < ai- Hs jibmm 
14. 2| 13.41 (jjig ai = k) cjie^yeT ai^SINn-i^ nosTOMy ycjioBHH 
1), 3) onpejejieHHH BbinojiHHKJTCg; ycjioBne 2) mojkbt Gbitb 
ycTanoBjieno MeTOflOM, cocTaBjiHioni,HM ynpomeHHyio BepcHK) pac- 
menjiHromero MeTO/;a /;oKa3aTejibCTBa jieMMbi 14.61 H /;eHCTBHTejii.- 
HO, flOnyCTHM, HTO HanpoTHB, 



H HeKOTopaa OJI-renepHHecKaH cJayHKi^HH / E A5^™(a3) Tenept 
paccMOTpHM yTBepjKfleHHe (/?(/) = 3q 991(0,/), r^e ipi{a,V) 3to 
n„_i 4)opMyjia: 



SINn-l{a)^ 

A3a', a" < a (a' < a" A 5/iV<^i(a") A ^'^^^""(qM) A 
^^3a"' < a' 5^i^l^°"(a"',/) A 



ai = sup dom I S^™ [x 




Q2 = Or(5/7V<^i) <ai , 



Torfla cymecTByroT Kapflnnaji 





5/iV<-; («'")})= a') 
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HeTpyflHo BHfleTb, hto Lf;[l] N 3a ipi{a,l) h ^jih KajK^oro a 
Lk[l] t= ipi{a,l) ^ SINn-i{a) A 3a" < a{SINn-i{a") A 

Aor (a" n siNn-i) =03). 

no3TOMy dom ^S^ [x^ coflepjKHT Kap^HHaji > cti h c noMombio 

jieMM 2.7, 3.10 MOJKHO BH;];eTi., HTO dom^S^™[x^ TOJKe coflepjKHT 
TaKHe KapflHHajibi b npoTHBopeHHH c npeflnojiojKeHHHMH. H 



IIocTpoeHHe MaTpHHiibix 4)yHKi];HH 6a3HpyeTCsi na cjie^yiomeM ne- 
peHHCJieHHH (b Lfe) cyGneflOCTHxcHMbix KapflnnajiOB: 

OnpeflejieHHe 5.13 

Uycmb ai < k. 

Mu onpedejineM cjiedymvuym ^yHKV,UK) 7j"^ = (7^"0r HUOKe 
ai penypcueu no t < ai: 



7o 



^"1=0; r > 



7<"i = min{7 < ai : SIN<^1 (7) A Vr' < r 7<"i < 7} 



OnpedejiHemcH maKotce o6pamHaji ^yHKV,usi t^"^ = ('^'^'*^) 
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^OKaaaTejibCTBo ochobhoh TeopeMbi coctoht b nojiynenHH npo- 

THBOpeHHa: B COSflaHHH B Lfc CneLI,HajIbHOH MaTpHHHOfi 4)yHK- 

n,HH, oSjiaflaiomeH necoBMecTHbiMH CBoficTBaMH mohotohhocth h 

HeMOHOTOHHOCTH; 3Ta (]3yHKLi;HH BOSHHKaeT B pcsyjibTaTC nocjieflo 
BaTejibHoro ycjiojKHeHHH ee cjieflyiomeH npocTeiinieH BepcHH: 

OnpeflejieHHe 5.14 

Mu HaaueaeM MampuHHOu ^yuK'nueu ypoenn n nuatce ai, 

pedyv,upoeaHHOu k x, cjiedymvuyio ^yHKV,uw ^x?^ ~ ^^x"^^'^' 
npuHUMawmyto SHaneHUH: 



TaKHM o6pa30M 3th SHaHeHHH HBjiHioTCH MaTpHii;aMH S, pe/];yii;H- 

pOBaHHblMH K X H CHHryjiapHblMH Ha HX HOCHTejIHX a HHJKe ai . 

KaK o6biHHO, ecjiH cti < k, to Bce BBeflennbie 4)yHKn,HH nasbi- 
BaroTCH orpaHHHeHHbiMH hjih pejiHTHBHsnpoBaHHbiMH K ai; ecjiH 
Qfi = k, TO Bce ynoMHHaHHH o ai onycKaioTca. 
HanoMHHM, HTO Bce orpaHHHHBaiomHe opflnnajibi ai nojiaraiOTca 
S'JA/„_2-KapflHHajiaMH hjih ai = k. 

JleMMa 5.15 (O a6cOJIIOTHOCTH MaTpHHHOft 4)yHKIi;HH). 

Ilycmb X < 7t+i < 0:2 < ai < A: u 02 & SIN^^2 ; modda: 
1) (fiyHKVtUU 7^"^; 7/"^ mooKdecmeeHHO coenadamm na mho- 



5<"i = min 



.{S : 3a < ai (7<"i < a A (x, a 



s))}. 



OKecmee {r' : % 





moofcdecmeeHHO coenadamm na mho- 
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V < -v<"2 < ^<ai V a<0!2 _ c'<ai 

A ^ 7r' — It ^ '-'^t' ~ '-'xt' " 

floKasameAhcmeo cjie^yeT h3 jieMbi I3l8] 1) (r^e n saMenaeTca na 
n — 1) H jieMMbi 5.17 2) (ii) HH>Ke. H 

Ha jieMMbi 13.31 (r^e n TaKJKe saMeHaeTCH na n — 1 ) cjieflyeT 



JleMMa 5.16 

/I^AH ai < k ifiyHKV,uu 



Ai-onpedeAUMU uepes Xj oti- 

/],AH ai = k amu cfiyHKii^uu Iln-i-onpedeAUMa, An-onpedeAUJvia 
coomeemcmeeHHO. H 



Cjie^yiomaH jieMMa npeflCTaBjiaeT co6oft "sapoflbim" Bcex ^ajib- 
HeftniHX paccyjKfleHHit: ona ycTanaBjiHEaeT, hto MaTpHHHaa cjayHK- 
misi o6jiaflaeT cbohctbom <-mohotohhocth - h b flajiBHeftmeM mbi 
6yfleM MOflH4)Hii;HpoBaTb STy 4)yHKii,Hio TaKHM oGpasoM, htoGbi h 

COXpaHHTb H HCKJIIOHHTb 3TO CBOHCTBO OflHOBpeMeHHO . 

HoaTOMy mbi nacTO 5yfleM BOSBpamaTbca k n^ee stoh jieMMbi h ee 
flOKasaTejibCTBa b pasjiHHHbix 4)opMax: 

JleMMa 5.17 

1) OyHKUiUn S^j^ MeAnemcn <-MOHomoHHOu, mo ecmb dnn 
ecRKUx Ti, T2 (z dom (^S^^^^ 
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2) Uycmb rGdomyS^^^j, mozda: 

(i) {t':x< iT < 7<"^} ^ dom (sj/^) ; 

(ii) ecAU ^^^l u Mampwua S^^^ cymecmeytom, mo ama 
Mampuv^a o6Aadaem HocumeAeM a € ]7^"^,7^+i [ • 

/^OKaaameAbcmeo. yTBepjK/];eHHH 1, 2 (i) cjiepyioT h3 onpe/i,ejie- 
HHS 5.14 HenocpeflCTBeHHO. /],OKa3aTejibCTBO 2 (ii) npeflCTaBjiaeT 
THnHHHoe npHjioJKeHHe jieMMbi 3.2 o6 orpaHHHeHHH. Tax kslk cy- 
mecTByeT MaTpHii,a S = S^"^ na neKOTopoM HOCHTejie 

TO cjieflyromee S„_i-yTBep>KfleHHe (/^(x, 7.^°S 5*) 

3a {'-f^"^ < a Aa{x,a,S)) 

BbinojiHHeTCH HHJKe ai, to ecTb BbinojinaeTCH 99*^"^ (x, 7^"^ , S"). 
3to yTBepjK^eHHe coflepjKHT anfl^aBUflflhie KOHCTaHTbi 

X < 7r+l 1 7r < 7r+l ' ^ 7r+l 

corjiacHO jieMMe l5.3l 2). h no3TOMy no jieMMe 13.21 (rue n saMena- 
eTCH Ha n — 1) S'/A'^^.^j'-KapflHHaji 'y^^l orpaHHHHBaeT yTBep- 
JKfleHHe ip, TO ecTb BbinojiHHeTCH yTBepjKfleHne 

H 

OTcro/i;a, h3 jieMMbi 5.12 (fljia x = X*) ^ jieMMBi [5.31 2) (flJiH 
ai = k) cpasy tkq cjie^yeT 
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JleMMa 5.18 

1) HepeAHmueuaupoeaHHan (fjyHKV,UH 5^* f onpedeAena u moho- 
moHHa Ha aaKJitoHumeji'bHOM cesMenme HedocmuofcuMoso napdu- 
Hcuia k: 

dom {S^*s) = {r : X* < 7r < fe} ; 

2) ama (fiyHKy^uH cma6uAU3upyemcn, mo ecmb cyui,ecmeyem op- 
duHOJi T* > X* maKou, umo dAH Kaotcdozo t > t* cyinecmeyem 

noamoMy Oah Kaotcdoso 7,- > x* 

Tenepb npHBe^eM 9ckh3 nepeoro npHSjiHxceHHH k H^ee flOKa- 
saiejibCTBa ochobhoh TeopeMbi. 

Mbi nonbiTaeMCH nojiyHHTb Tpe6yeMoe npoTHBopeHHe na cjie/^yro- 
meM nyTH. Hhjkhhh HH^eKc x* 6yfleT onycKaTbCH fljia neKOTopoH 

KpaTKOCTH. 

PaccMOTpHM MaTpHHHyio 4)yHKn,Hio Sf na, CTa^HH ee CTaSnjiHsa- 

ii;hh, to ecTb paccMOTpHM npoH3BO.JibHbiH /locTaTOHHO 6ojibmoli 
opflHHaji To > T* H cooTBeTCTByiomee sHaneHHe 3toh 4)yHKLi,HH, 
TO ecTb MaTpHLi,y Ha HeKOTopoM ee HOCHTejie ao G ]7ro, 7to+i[) 
ee KapflHHaji npe^CKaHKa = o-q h 4)yHKn,Hio , ho yxce 

HHJKe 3Toro Kap;];HHajia. 

npeflCTOHn],He paccyjK/i,eHHH 6y/iyT 6ojiee yfloGnbiMH h npospannbi- 
MH, ecjiH Sy^eT HcnojibsoBaTbcsi cjie^yiomee onncaHHe CHTyaLi,HH, 
Kor^a Hame paccMOTpenHe, "onnpaacb" hjih "bCTaBasi" na flaHHbifi 
opflHHaji a > X* 1 o6o3peBaeT HanajibHyK) nacTb yHHBepcyivia hu- 
CHce amozo opdunaAa. 

HivieHHO, Mbi SyfleM roBopHTb, hto, cmoH na opdunaAe a > x*! 
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Mu o6HapycHcueaeM (uau euduM.) HeKomopym UHipopMaVjUm uau 
HeKomopuu o6^eKm HUMce amozo a, ecAU ama UH^opMav,UH uau 
o6'6eKm Mozym 6umt> onpedeneHU neKomopou cfiopMyAou, ozpanu- 
HEHHOU 3muM a, - npuHCM onpedeABHU kgk HeKomopuu opdunaA 
< x*~^ ■ EcjiH 3Toro cflejiaTb nejibSH, to 6ypfiM roBopHTb, hto 3Ty 
HH4)opMaii,Hro HjiH oGi^eKT HeAhSH o6HapyMcum'b (uau yeudemb) 
HHJKe a. 

HTaK, Hflea HcnojibsoBaHHH MaTpHHHoft 4)yHKii;HH b ee GasoBoft 
4)opMe 6yfleT coctohtb b cjie/i,yion],eM: 

J],onycmuM, umo Mampuv,a Stq - SHauenue amou MampuuHou 
(fjyHKV,uu - paccMampueaemcn na ee HocumeAe ckq- Cmon ua 
KapduHGAe npedcKauKa = Oq nocAe x* afnou Mampuv,u, CAe- 
dyem paccMompemb cumyaii^wo HUCHce u, ZAaenoe, noeedenue 
amoil caMou cf)yHKV,uu, ho e ee peAnmueusupoeaHHOu k <fiop- 
Me, c v,eAbH) o6HapyjiceHusi ee ceoucme. 

Torfla HHcJjopMai^HH 06 3toh 4)yHKii;HH, KOTopyio mojkho oGnapy- 

JKHTb H BbipaSHTb B BHfle HeKOTOpblX OpflHHajIOB < X*^ ^ ^Ta 
HH4)OpMaLI,HH MOJKeT flOCTaBHTb HeKOTOpbie npOTHBOpeHHH. 

HanpHMep, ona mo^kbt BbisBaTb BospacTaHHe nopaflKOBoro THna 
Stq corjiacHO jieMMe 4.6, h, cjieflOBaTejibHO, mo^kbt HapyniHTb CTa- 

6HJIH3aiI,HIO BCeft 4)yHKII,HH Sf B npOTHBOpeHHH C JieMMOH 5.18. 

Bojiee no/;po6HO b 3tom KOHTeKCTe: 

Ho jieMMe [?.15l 2) 4)yHKii,HH 5^?° coBna^aeT c na opflHHajie tq 

H TaKJKe <-MOHOTOHHa. IlpHMeHHM JieMMy 14.61 K 3TOH CHTyaiI,HH, 

paccMaTpHBaa 

^ = sup^O(i(S'<°°), X = X*, ao = "o) "i = ao- 

npe/;nojiojKHM, hto 5 < x*~^i Tor^a mojkho onpeflejiHTi. 5 ctoh 
Ha Kap;;HHajie . Ho Tenepb h3 onpeflejieHHH 15.71 h jieMMbi 15.51 
cjie^yeT, hto Bce ycjioBHH jieMMbi 14.61 BbinojiHenbi a no3TOMy ona 



82 



Fjiasa I. EasoBaa Teopna 



BjieneT npoTHBopeHne: 

Od{Sr*) <S< OT{Sro) < Od{Sr*). 

CjieflOBaTejibHo, b flelicTBHTejibHocTH 6 = x*^ h 4)yHKii,HH S^'^° 
<-Hey6biBaeT x*~^ ■ 

3to osHanaeT, HTO 4)yHKii,HH (5"^)^^^^^, ocTaBaacb <-orpaHH- 
HeHHOH opflHHajioM Od (Sr* ) < X*~^ (b CMbicjie reflejieBOH 4)yHK- 
ii;hh Od), TepaeT 3Ty orpaHHHeHHOCTb nocjie ee npo^ojiJKeHHH na 
MHOJKecTBo {r : 7^" < a^}. 

MOJKHO BHfleTb, HTO 3TO CTaHOBHTCH B03M0JKHbIM TOJIBKO nOTOMy, 

HTO Bce CBOHCTBa cy6HeflocTH>KHMOCTH Bcex ypoBHeit > n Tepa- 
K)TCH BceMH KapflHHajiaMH < 7t-o nocjie hx pejiHTHBH3aii;HH K a^; 
B TO JKe caMoe BpeMH BOSHHKaroT neKOTopbie S'/A'^„_i-KapflHHajibi 
(pejiHTHBH3HpoBaHHO K a*^), He o6jia/;aK)iii,He bthm cbohctbom pa- 
Hee B HepejiHTHBH3HpoBaHHOM yHHBepcyMe (KncejieB |12] . jliij). 

3th BblBOflbl 03HaHaK)T, HTO MHOTHe BaJKHbie CBOHCTBa HHJK- 

HHX ypoBHeit yHHBepcyMa ne Hpo/;ojiJKaK)TCH flo HCKOTopbix pejiH- 

THBH3HpyiOH;HX KapflHHajIOB - HMCHHO, flfl KapflHHajIOB CKaHKa (a 

TOHHee HpeflCKaHKa) peflyu;HpoBaHHbix MaTpnu; na hx hochtcjijix, 

HBJIHIOn^HXCH 3HaHeHHHMH MaTpHHHblX 4)yHKU;HH. 

M djiH mozo, Hmo6u ucKJimuumb amo Hejienue, mu eeedeM cne- 
ii,uaAbHue KapdunaAU, maK uasueaeMue ducceMUHamopu, Komo- 
pue pacnpocmpaHHmm neKomopue manue ceoucmea 6e3 ucKaofce- 
Huu do maKux KapdunaAoe. 

Tpe6yeMbie pacHpocTpanenHH TaKoro po^a HHor^a HpoH3BOflHTCH 
cy6HeflocTHJKHMbiMH Kap/;HHajiaMH, ho flJiH flajiBHeitmero Tpe6y- 
eTCH cyHi,ecTBeHHO pacmnpHTb h yTOHHHTb sto hohhthc. 



Pe/iyij,HpoBaHHbie Marpniihi 
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6 ^HCCeMHHaTOpbl 

HanoMHHM, HTO Bce paccyjKfleHiij-i iipoBOflsiTCJi h Bce 4)opMyjibi hh- 
TepnpeTHpyioTCH b (h.jih b 93t ccjih, KoneHHO, kohtckct He 

HMeeT B BHfly flpyroft cjiyHaft). TaKace Bce <]-orpaHHHHBaion],He 
opflHHajibi coflepxcaTca b SINn-2- 

Mbl BBefleM nOHHTHe flHCCeMHHaTOpa B KOHCTpyKTHBHOn CTpyK- 

Type Lfc jina Gojibmeft hchocth paccyjK^eHHli, xoth 3to MOJKeT 
6biTb cflejiaHo 6e3 bchkoh noTepn o6iii,hocth. ^ajiee 6yflyT pac- 

CMaTpHBaTbCH KJiaCCbl 4>OpMyjI T,Tn, npOH3BOJIbHOrO 4)HKCH- 

poBaHHoro ypoBHa m > 3 (ecjiH tojibko ne oroBapHBaeTca HHoe). 

Onpe^ejieHHe 6.1 

Uycmb 

0<a<ai<k, X Ca, X / 0. 

Mu 6ydeM nasueamb opduHcui a ducceMunamopoM ypoenn m 
c 6a30u dauHux X nuotce ai, ecAU Bah bcmkux n G u 
Kopmeofca 1^ opdunaAoe ^ X e Lj^ eunoAHnemcM 

OopMyAa, onpedejiHtoWfOfi e Lfc kagcc ecex ducceMunamopoe c 
6a30u dauHux X ypoensi m Huoice ai, 6ydem, o6o3HaHamb- 
CH Hepes SIN^"'^ [X] (a); caMo jmo Muooicecmeo maKMce 6ydem 
o6o3Ha'Ham'bCH nepes SIN^'^^ [X], e mo epeMH kgk eso ducce- 
Munamopu 6ydym o6o3HaHambCH o6vhum cumboaom 5^ uau, ko- 
porriKO, CUM60A0M 5, yKosueafi na ai e KOHmeKcme. H 

HanoMHHM, HTO cHMBOJi o6o3HaHaeT 3fl,ech S^-^jpopMyjiy, 

yHHBepcajiBHyio fljia Kjiacca E^-4>opMyji, ho Ses bcsikhx Bxoxc/],e- 
HHH HMeHH I (cM. saMeHaHHe Hocjie jieMMbi 2.5). 



6. /l^HCCeMHHaTOpbl 
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MojKHo nojiyHHTb onpeflejieHHe hohhthh flHcceMHHaTopa b 6ojiee 
niHpoKOM CMbicjie, ecjiH ^onycTHTb Bxo»c;];eHHH HMeHH I: 
Oah KaoKdozo Kopmeotca ~^ opdunajioe G X 

H Bce flajibHenniHe paccyxcflennji moxcho npoBecTH h b 9tom cjiy- 
Hae. 

Cjieflyion],He ^Be jieMMbi coBepmenHO anajiorHnHbi jieMMaM 3.3, 3.2 
H MoryT SbiTb ycTanoBjieHbi leivi ace oSpasoM: 

JleMMa 6.2 

0opMyAa SIN^"'^ [X] (a) npuHadAeofcum KAaccy Ylm dnsi 
ai = k u KAaccy Ai dAH ai <k. H 

Cjie^yiomaa OHeBH^Haa jieMMa onpaB^biBaeT TepMHH "^Hcce- 
MHHaTop" (pacnpocTpaHHTejib) , TaK KaK ona noKasbiBaeT, hto Ta- 
Koii opflHHaji fleiicTBHTejibHo pacnpocTpanaeT, npoflOJiJKaeT IIj^- 
CBoficTBa (coflepjKamHe KOHCTaHTbi H3 ero 6a3bi) c hhxchhx ypoB- 
Hen yHHBepcyMa BnjiOTb j\o pejiaTHBHSHpyiomHx Kap^HHajiOB: 

JleMMa 6.3 (O npoflOJixceHnn) 
Ilycmb 

X Ca, a<ai, ae Si"7V<"i [X] 

u ymeepcHcdeHue Vx ip{x, UMeem Kopmecnc ~^ KOHcmaHm 
E X, (f E: mozda: 

B amoM CAynae mu 6ydeM soeopumb KaK u paubme, nmo Huatce 
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ai opduHUA a paciuupHem uau npodoAOKaem Vx ip do ai. 
PaccMampuean mo otce coMoe e o6pam,eHHOu (jiopMe Oah ip G 
nm-i' 



Mu 6ydeM soeopumb, nmo Huotce ai opduHcui a ospaHUHueaem 
UAU pejMmueu3upyem ymeepoKdenue 3x H 

CBOHCTBa /];HcceMHHaTopoB CTaHOBHTCH 6ojiee npospaHHbiMH, ecjiH 

OHH o6jiaflaK)T flOnOJIHHTejIBHblMH CBOHCTBaMH Cy6He/I,OCTHJKHMO- 

CTH MeHbniHx ypoBHefi. HanpHMep, neTpyflHo BH/i,eTb, hto b stom 
cjiynae Kjiacc flHCceMHHaTopoB a G SIN^'^'^ \X\ b mupoKOM 
cMucAe HHJKe cti ypoBHH mac 6a30H X = a coBnaflaeT 
c SIN^"'^ . B 6ojiee o6ii];eM cjiynae cnpaBefljiHBa 

JleMMa 6.4 

Uycmb 

XCa, a<ai, aeSIN<% 
mosda cjiedymuj,ue ymeeoKdenuH paenocuAbHu: 

1) a G 5IiV<"i [X] ; 

2) dA^ naoicdozo n G u Kaotcdoso KopmeoKa ~^ KOHcmaHm 
G X 

Lfe N 3x < ai ?7^^^^ (n, x, ^) ^ 3x < a i/^^'j'^ (n, x, ^) ; 

3) dARKaoKdou Um^i-^opMyAU ip{x,'^) u KaoKdozo Kopmeotca 
~^ KOHcmaHm G X 

Lfc N 3x < ai (^^"1 (x, 't)^^x<a ip^'^^ (x, . 



6. /l^HCCeMHHaTOpbl 
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3Ta jieMMa noflroTaBjiHBaeT cjieflyiomee BajKHoe 
Onpe^ejieHHe 6.5 

1) MuHUMaAbHuu ducceMUHamop KAacca 

SIN<^^ [X]nSIN<^\ 

6ydem uaaueambCH npouseodshw^uM ducceMunamopoM c 6a30u dan- 
Hux X HucHce a\ u 6ydem o6o3HaHam,bCH o6ui,um cumboaom 6^ , 

UAU 6 UAU S; 

2) 6e3 9171030 ycAoeuH MUHUMaAt>Hocmu ducceMUHamop amozo 
KAacca 6ydem naaueambCH nAaeaww^uM u 6ydem o6o3HaHambCH 
o6muM cuMeoAOM , UAU, Kopoue, cuMeoAOM 5 UAU 5, yKa- 
3uean na cti u na dpyzue ezo ampu6ymu e KOHmeKcme. -\ 

KaK o6biHHo, HHfleKCM m, ai,X Gy^yT onycKaTbca, ecjiH ohh 

npOHSBOJIbHbl JIhSo BOCCTaHaBJIHBaiOTCJI H3 KOHTeKCTa. 

3th TepMHHbi "npoH3BOflsin];HH flHCceMHHaTop" H "njiaBaiomHH ^hc- 

ceMHHaTop" onpaB/^biBaioTCH c.Jic/];yiomHM o6cTOHTejii.cTBOM: npo- 
u3eodHVJ,uu ducceMUHamop eduHcmecHHUM o6pa30M onpeflejiaeT- 
ca nepes ero Saay X HHxce ai k&k MHHHMajibHbm, b to BpeMsi 
KaK nAaeatouifUU ducccMunamop mo^kbt h ne Gmtb eflHHCTBeHHbiM 
H ero SHaneHHe ne ycTaHOB.JicHO (oh "njiasaeT"); 6ojiee Toro, Tep- 
MHH "npoH3BOflHii],HH flHcceMHHaTop" onpaBflbiBaeT TaioKe cjiefly- 
lomaa jieMMa 

JieMMa 6.6 

Ilycmb 

X C aQ < 5 < ai, 

5 amo npou3eodHUJ,uu ducceuunamop G SIN^"^ [X] u (p{a, 
9mo Ti^-i - ^opMyAa c opduHaAbHou nepeMCHHOu a UKopmeatccM 
~^ KOHcmanm G X. 
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UpednoAOOKUM, nmo 

mozda cymecmeyem HCKomopoe Oq G ["o'^^i fnO''Koe, nmo 

JJoKa3am.eA73cmeo. 3flecb cjie^yeT oTMeTHTb, hto nepeMeHHaa a 
nofl KBaHTopoM V npo6eraeT He Bce d, kek sto nojiarajiocb b 
jieMMe 6.3, ho tojibko ero saKjiroHHTejibHtm cerMenT [og, 5[, h tcm 
He Menee 9tot S npouseodum panpocTpaneHHe <f{a, a) ehjiotb 
flo ai. 

HpeflBapHTejibHO nyjKHO c^ejiaTb cjie^yion^ee saMenanne: p^jia bch- 
KHx opflHHajioB a G SINg, e > 1, /3: j3 < a < — > /3 <l a. 

Tenepb flocTaTOHHo CHanajia paccMOTpeTb cjiynail, Kor^a ao G 
SIN^'^\ (cm. jicMMy 6.7 HHxce). Hs MHHHMajibHOCTH S cjie^yeT, 
HTO ao ^ SIN^°^^ [X] H no jieMMe 6.4 3to osnanaeT, hto cyn;e- 
CTByeT S^_i-4)opMyjia ^pi{a,'ai) c KopTejKeM at KoncTanT G X 
Taxaa, hto 

Va<ao <^rK^) > (6-1) 
3a' < ai-¥'r'(«''«i) • (6-2) 

TaK KaK ao,^ G SIN^'^\, to yTBepxcflenHe (6.1) SKBHBajieHTHO 
Va < ao iffiaM) ■ (6-3) 

KapflHHaji 5 ecTb flHCceMnnaTop h nosTOiviy (6.2) BjieneT 
3a' < ^-(^f (a',^) . 



6. /l^HCCeMHHaTOpbl 
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OTciofla H H3(6.3) cjieflyeT, hto cymecTsyeT opflHHaji o'q G [ao,6[ 

TaKOH, HTO 

ya<a'o </^f(a,^i)A-^f(a[„^i) . (6.4) 
Tenepb h3 ycjiOBHH 9toh jieMMbi jierKO saKjiiOHHTb yTBepxc^eHHe 

Va', a<6 (-<^f (a', ^i) A a > a' — ^ <^^^(a, . 

Oho coflepjKHT KOHCTaHTbi G X, no3TOMy no jieMMe 6.4 3) flHcce- 
MHHaTop S npoflOJixcaeT ero flo ai : 

Va, a < ai (^(^^"^ (a', Aa> a ^ 9?^"^ (a, ^)) . (6.5) 

TaK KaK 5 G SIN^'^\, to (6.4) BjieneT -^ff^^ {a'Q,'^i) h nosTOMy 
(6.5) BjieneT VaG[ao,Q:i[ ip'^"^ {a,~^). H 

Hcnojibsya 9Ty jieMMy 6yfleM roBopHTb, KaK h Bbime, hto S 
pacwupfiem UAU npodoAMcaem yTBepyKfl,eiivie Va (p pp ai, hjih, b 
o6paiii;eHHOH cJjopMe, hto S ozpaHunueaem unu pejiRmueusupyem 
yTBepjKfleHHe 3a-i(^ HHJKe ai, yKasbiBaa opflnnajibi aO)Q!o b 

KOHTeKCTe. 

Cjie/i;cTBHe 6.7 

Uycmb 6 € SIN^'^^ [X] amo npouaeodsivnuu ducceMunamop 
HUMce a\, mozda 



sup{SnSIN<'^\) = l 
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Jl^oKasameAbcmeo. IlycTb, nanpoTHB, 

ao = snp{dnSIN<^\) <S, 

Tor^a ao ^ SIN^'^\ h moxcho npHMeHHTb apryMeHT h3 npe^bi- 
flymero flOKasaTejibCTBa. /^HCceMnnaTop S orpaHHHHBaeT npe^- 
jiojKeHHe 

3a > ao SINm-i{a), 

KOTopoe BbinojiHHeTCH HHJKe ai, TaK KaK caivi 6 G SIN^"\. A 
Torfla cymecTByeT 

ae]ao,S[r\SIN<J^ 

BonpeKH npeflnojioxceHHK). H 
Tenepb hcho, hto b flOKasaTejibCTBe jieMMbi 6.6 ycjiOBHe ao & 

SIN^"\ MOXCHO OnyCTHTb. 

B flajibHefimeM mm Sy^eivi HCCJie^OBaTb BsanMHoe pacnojioxceHne 
flHCceMHHaTopoB oflHoro H Toro xce ypoBHH m HHJKe oflHoro h 
Toro JKe ai, ho c pasHbiMH GasaMH flaHHbix. KaK 3th 6a3bi bjihh- 
lOT Ha Hx pacHOJiojKeHHe? 06cyjKfleHHe nofloGnbix BonpocoB 6ojiee 
npospaHHO, Korfla Sasa flanHbix X sto neKOTopbiH opflHHaji p 
(to ecTb MHOxcecTBO MeHbniHx opflHRajiOb). HtoSbi noflHepKHyTb 
nofloSnbie cjiynan mm Sy^eM nncaTb 

5/A/"<"i [< p] BMecTO S77V<"i [X] . 

^ajiee Bce 6a3bi p 3to npedeAbHue op/i,HHajibi (ecjiH ne noflpaay- 
MBBaeTCH flpyroH cjiynafi). 

CjieflyiomaH jieMMa, xoth h OHeBaj^Haa, npe^ocTaBjiaeT, o^naKO, 

HeCKOJIbKO BaaCHblX TeXHHHeCKHX HHCTpyMeHTOB flHCCeMHHaTOp- 

Horo anajiHsa: 



JieMMa 6.8 



6. /l^HCCeMHHaTOpbl 
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1) Uycmb 

S<ai, Se -S/Ar<"i ^x] n SIN<'^\ 

mozda ecHKUu S I N^^\-KapduHaji U3 [S,ai[ amo CHoea ducce- 
MUHamop (njiaeawmuu) c moil otce 6a30u X damux nuotce ai: 

a e SIN<'^\ Aa>6^a€ SIN<'^^ [X] ; 

2) eospacmaHue 6a3u dannux p eAeuem Hey6u6aHue coomeem- 
cmeywmux npouaeod^mux ducceMunamopoe nucuce a\: 

Pi<P2^SP^ <Sf^; pt <p2^Sf' <5P^; 

3) npedcAbHuu nepexod e 6a3ax dannux eAeuem npedeAbnuu ne- 
pexod 6 coomeemcmeyK>mux npou3eodH'LU,ux ducceMunamopax nu- 
£wce ai ; 

lim Pi = p — > lim S^^ = S'^. 

i i 

/(oKosameA'bcmeo. 1). BepxHHH HH^eKC ai fljia KpaTKOCTH Sy^eT 
onycKaTbCH. 06paTHMCH k onpeflejieHHio 6.1 (hjih k jieMMe 6.4) h 
paccMOTpHM yTBepjKfleHHe 

3x U^_i{n,x,~^) 

fljia npoHSBOJibHbix n G cjo h KopTejKa KOHCTaHT G X. 

IIpeflnOJIOXCHM, HTO 

3x < ai U^_i{n, x, '^). 
TaK KaK S BTO flHcceMHHaTop, TO 9TO BjieneT 
3x < S U^_i{n,x, 
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H, TaKHM o6pa30M, 

3flecb U^_i cjieflyeT <-orpaHHHHTb KapflHHajiOM a, Tax KaK 
a G SINjn-i', no9TOMy a G SINjn[X]. YTBexcfleHHe 2) cjie^yeT 
H3 onpeflejieHHH h BMecTe c 1) BjieneT 3). H 

HTo6bi nojiyHHTb 6ojiee fleTajibnyio HH4)opMaLi,HK) o pacnojioxce- 

HHH flHCCeMHHaTOpOB eCTeCTBeHHO paCCMOTpeTb HX npHMeHHTejIb- 

HO K MaTpHHHMM HOCHTejIHM. 

^ajiee nepes p oGosHanaeTCH saMbiKanne p oTHocHTejibHo (JpyHK- 
n,HH napbi. 

OnpeflejieHHe 6.9 

Uycnib X < < ai u S Mampu%a, pedynupoeaHHon k Kap- 
dunajiy x ^ cumyAnpnaH na HocumeAe a. 

1) Mu 6ydeM Hasueamh ducceMunamopoM dnn S na a (uau 
ducceMUHamopoM Oah amoso HocumeAn) ypoenn m c 6a30u dan- 

Hux X ecHKUu ducccMUHamop 5 HUMce KapdunaAa npedcKauKa 
oj^ nocAe X c meMU Mce napaMempaMU, mo ecmt> bcmkuu 

SeSIN^'"^ [X]nSIN^^% 

B manoM CAynae mu manMce 6ydeM eoeopumb, nmo Mampuv^a S 
Ha a ( UAU ee HocumeAb a ) o6Aadaem amuM ducceMunamopoM 
(c amuMU napaMempaMu) . 

2) Mu 6ydeM naaueamh codcTBeHHbiM flHcceMHHaTopoM Mampu- 
tifU S Ha a ypoenn m ecHKUu ee ducceMunamop amozo ypoenn 
c 6a30u dauHux p = pi, pi = Od{S), u 6ydeM o6o3HaHam,b eso 
o6m,UM CUM60A0M UAU 6^ , a 620 6a3y damiux p — cuMeo- 
AOM p^ ; ecAU MUHUMttAeH c amou 6a30u p , mo oh 6ydem 
nasueambCM npoHSBO/i^ni^M co6cTBeHHbiM ffacceujiHaTopoM Oah 
S na a u o6o3HaHam'bCM Hepe3 



6. ^iicceMUHaTopbi 
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3) Mampui^a S 6ydem naaueambCH ducceMUHamopnou Mam- 
puv,eu, UAU, Kopoue, 6-Mampuii,eu ypoena, m, donycmuMou na 
HocumeAe a Bah 7 = 7^"^ HUMce ai ecAU ona o6Aadaem hcko- 
mopuM ducccMUHamopoM 5 < 'j ypoenn m c neKomopou 6a30u 
dauHux p < x*^ Ha amoM HocumeAe maKou, umo S <\ p, p = p 
(maKMce HUMce ai). 

4) B daAbueumeM nepes o6o3HaHaemcn CAedyminasi 
Ai -cfiopMyAa: 

X < aA5/iV<_"i(x)Aj]rn5 (sf^>^) G B^Asnpdom (sf^'^) = X, 

u KapdunaA x c amuM ceoucmeoM Haaueaemcn Hacuui,eHHUM 
HUMce a. 

Tenep-b npuMCM CAedytomee eaMCHoe cozAamenue: 
eesde danee mu 6ydeM paccMampueamb cumyAHpnue Mampuvfii 
S Ha HocumeARX a € SINn-2, pedyy,upoeaHHue k ueKomopuM 
Hacuiu,eHHUM KapduHaAaM x> o6AadaH)inux ceoucmeoM: 

X* <XALj<"(x). H 

CjieflyeT OTMeTHTb, hto Kap/i,HHajibi 3Toro BH^a cymecTsyroT, 
HanpHMep, Kapfl^anaji x = X* AJIh KajK^oro a > x*i ct & SINn-2, 
KaK 3TO MOJKHO BHfleTb H3 jieMM 15. 5| 13.81 (nocjieflHHa fljiH n — 1 b 
pojiH n) . 

3to corjiameHHe flejiaeT bosmojkhbim npHMeneHHe jieMMbi 14.61 o 
cneKTpajiBHOM THne k TaKHM KapflHHajiaM. 

3a(f)UKCupyeM maKou KapdunaA x BnjioTb flo cneii,HajibHoro saMe- 
HaHHH, TaK HTO HHJKHHH HHfleKC X ^yflBT KaK npaBHjio onycKaTb- 
ch; HanpHMep, Kapflnnaji CKaHKa 6y/;eT o6o3HaHaTbCH npocTO 
Hepes h TaK p^ajiee. 

CjieflyromaH jieMMa anajiHSHpyeT MHOJKecTBO MaTpHHHbix ffKcce- 

MHHaTOpOB C 6a3aMH, npeBOCXOfl5mi,HMH MaTpHHHblit THn CaMOH 
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MaTpHii,bi; ee ;],OKa3aTejibCTBo ^eMOHCTpHpyeT THnHHHoe npHMene- 
HHe jieMMbi 4.6 o cneKTpajibHOM Tnne: 



JleMMa 6.10 

Ilycmb Mampuv,a S na Hocumejie a pedyv,upoeaHa k napdu- 
Hany x ^ o6jiadaem neKomopuM ducceMUHamopoM ypoenfi m c 
6a30u G [0T(5),x+[ • 

Tosda S o6Aadaem ducceMunamopaMU amoso ypoenn co eceMU 
6a3aMU < na amoM Hocumejie; anajiosuHHO djiH npouaeodn- 
mux u nAaeatouitUX ducceMunamopoe. 



/^OKaaamejihcmeo. ^onycTHM, sto HeBepno, Tor^a cymecTsyeT op- 

flHHBJI 

Poe[or(5),x+[ 

TaKOH, HTO fljiH BCHKoro p G [pO)X^[ MaTpHn,a 5 Ha a He 
o6jiaflaeT hh oahhm flHCceMnnaTopoM c 6a30H p. B stom cjiynae 
CTOH na mojkho oGnapyjKHTb opflnnaji pi € [OT{S),x^[^ 

KOTopbiH MOJKCT GbiTb onpeflejieH nepes x HHJKe 4)opMyjioH: 

^5 < SIN<"\< pi](5)AVp G ]pi,x+[V<5 < a^-S77V<"*[< p]{5) . 

Ho Tor^a no jieMMe 4.6 nojiynaeTCsi npoTHBopenHe: OT(S) < pi < 
OT{S). H 

AnajiorHHRbiM paccyjKfleHHeM npocTO ycTanaBjiHEaeTCH 



JleMMa 6.11 

Uycmb Mampu%a S na HocumeAe a pedynupoeana k Kapdu- 
HOJiy X ^ nycmh ona o6jiadaem npouseod^muMU ducceMunamo- 
paMu 5P^ , 5P^ ypocmn m c 6a3aMU po, pi coomeemcmeeHHO 
na amoM HocumeAe maKUMU, umo 



PO < OT{S) < /9i < x+- 



6. /l^HCCeMHHaTOpbl 
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Tosda dP° < uau 5p° = S^^ = S^^ . H 

OnnmeM neKOTopbie cnoco6bi nocTpoeHHH (J-MaTpnu,, KOToptie hc- 
nojibsyiOTca b flajibHenmeM. Cjie^yeT oSpaTHTb caMoe npncTajib- 
Hoe BHHMaHHe Ha cjie^yiomee eaacHoe ycjiOBne 

AT'{x*) = \\uT'ii)\\ , 

r^e, HanoMHHM, (J^opMyjia Un{i) - 3to cneKTpajibHO yHHBepcajib- 
Haa S„-4)opMyjia 6e3 hhahbhahmx KOHCTaHT, ho c BxojKfleHH- 
5IMH I (cm. OHpe^ejieHHe 2.6); 9TO ycjiOBHe HrpaeT cymecTBeHHyio 
pojib B flajibHefimeM h osHanaeT, hto HHKaKoe S„-yTBepjK/],eHHe 
(/?(/) He HMeeT op^HHajiOB CKanKa nocjie x* HHxce ai. 

JleMMa 6.12 (O HopojKfleHHH cHHryjiapHbix MaTpnu,) 
Tlycmb KapduHcuiu x < Q^o < «i eunoAHHmm ycAoeun: 

(i) ao e SIN<^^ ; 

(ii) ^rHx*) = ii«r^a)ii • 

Tozda cyiu,ecmeyem Mampuya Sq, Komopan pedyyupoeana k Kap- 
duna/iy x cumyAnpna na HocumeAe ag G ]ao,ai[ manoM, 
umo ao = oiq^. 

B amoM CAynae MampuVfa Sq Haaueaemcn nopootcdeHHOu napdu- 
HOAOM ao HUOKe ai. 

fl^oKasamcA'bcmeo. IIphmchhm .jieMMy 5.12. Ho stoh jieMMe bbi- 
HOJiHHeTCH n^-yTBepjKfleHHe 

Vx'Vao((x' npedeAbHuu napdunaA > cjq) — > 3a'i > a'g a{x',Oii)); 
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Fjiasa I. EasoBaa Teopna 



cjieflOBaTejibHO, oho BbinojiHHeTca HHJKe KajKfloro n„_i-KapflHHajia 
no JieMMe 3.2 fljiH n— 1 b pojiH n); ho 6ojiee Toro - oho BbinojiHH- 
eTCH TaKJKe HHJKe Jiio6oro n„_2-Kap/;HHajia ai, Bi.iHOjiH5HOHi,ero 

yCJIOBHH 3TOH JieMMbl. 

3tot cJjaKT o6ecHeHHBaeTca ycjioBHCM (ii), KOTopoe BjieneT coxpa- 
HeHHe 3Toro yTBepjKfleHHH (p hhjkb ai. /],eHCTBHTejibHO, neTpyfl- 
Ho BHfleTb, HTO B HpoTHBHOM cjiyHae S„-yTBejKfleHHe HOJiyna- 
eT opflHHaji CKaHKa nocne x* HUMce ai - HMenno, MUHUMaAbHym 
napy Oq) TaKyro, hto yTBep^Kflenne 

{{x npedeAbHuu napduHan > loq) A Va'^ > ""^(x'jQ^'i)) 

BbinojiHseTCH HHJKe ai] noBTOMy E„-cneKTpajibHo yHHBepcajib- 
Hoe yTBepjKfleHHe Un{l) TaK>Ke nojiynaeT btot opflnnaji CKaHKa 
6jiaroflapH jieMMe 12.71 3to BjieneT cjie/i,yioiii,ee napymeHHe ycjio- 
BHH (a): 

ATHx*)< hTHDW ■ 

HTaK, 99 "^"1 BbinojiHHeTCH; OTcro^a cjie^yeT cymecTBOBaHHe Kap- 
flHHajia 

Oq = min{Q € ]qo, ai[: 3S (t(x, a, S)} 

H MaTpHii,bi 5*0 Ha HocHTejie Qq; STa MHHHMajibHocTb o6ecneHH- 
BaeT ao = a^^. ' H 

JleMMa 6.13 (O nopojK^eHHH (5-MaTpHii;) . 

Uycmti KapdunaAU x < c^o < cti eunoAHSimm ycAoeusi: 

(i) ao G SIN<^1 ; 

(u) ATHx*) = \WTKm ; 



6. ^iicceMUHaTopbi 
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(in) ao = sup(ao H s\i'pSIN^"\) ; 

(iv) Ha saKJitoHumejibHOM cezMenme ao ueKomopasi (fjopMi/Aa 
7) onpedeAHem (pyHKii^um f{P) = 7 < x"*"; Komo- 
pan Hey6ueaem do x"*"- 

Tozda cyinecmeyem Mampuii^a Sq, nopoMcdeuHan KapdunaAOM 
ao HUMce ai, pedyqupoeaHHan k Kapdunany x ^ cuHzyAHpnaH 
Ha HocumeAe o'q, Komopan o6Aadaem eceMU nopoMcdamu^uMU 
ducceMUHamopaMU na 9moM HocumeAe 

5P G SIN<^J[ , 6P<ao 

ypoena, m co eccMU 6a3aMU p < ■ 

B amoM CAyuae mu 6ydeM zoeopum'b, umo S-Mampuii,a Sq no- 
pocHcdena KapdunaAOM ao humcc ai. 

EcAU KpoMe mozo ip G S^, mo MHOotcecmeo amux ducceMuna- 
mopoe KOHcpuHaAbHO KapdunaAy ag. 

/l^oKaaameAbcmeo. HanoMHHM, hto no jieMMe 16.121 ao bto op- 
flHHaji npeflCKaHKa a'^; corjiacHO jieMMe 16.101 jocTaTOHHO vcTa- 
HOBHTb cymecTBOBaHHe flHcceMHHaTopa 5^° G SIN^'^\ c 6a30H 
po = OT{Sq). Hs (in), (iv) cjie^yeT, hto cymecTByeT Kap/;iiHaji 

Komopozo 7"^ = /(Z?"^) > Po; 

Tenepb h3 jicmm 16. 4[ 14.61 cjie/i;yeT, hto Kapflnnaji 

G 5/iV<"" [< po] • 

HBjiaeTCH Tpe6yeMbiM flHcceMHHaTopoM. 

^eftcTBHTejiBHO, flonycTHM, HTO 3TO HeBepHO, Torfla cymecTByeT 
HeKOTopaa Sm_i-4)opMyjia (/j(a, 1^) c KopTe>KeM ~^ KoncTanT 
< Pq M TaKaa, hto 
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FjiaBa I. EasoBBsi reopna 



Va < P^^p^'^'^a, A 3a G [P^ , ao[ . (6.6) 

T^JIH HeKOTOpOH KpaTKOCTH BOSbMeM KOpTeXC ~^ , C0CT05in];HH TOJIb- 

Ko H3 o/];Horo a'l < po- Cjie^yeT BOcnojibsoBaTbcsi npeniviyme- 

CTBOM KapflHHcUia CKaHKa 

a2 G dom (Sn'"^°]x^ , 

- rfle, HanoMHHM, ag 3to MHHHMajibHbiii HocHTejib > ao of Sq, 

- TaKOrO, HTO 

or (a2 n dom (sr^""Tx)) = a'l ; (6.7) 

cymecTBOBaHHe TaKoro a2 OHeBH^HO h3 onpeflejiennji 5.7. IIo- 
cjie 9Toro, Hcnojibsya (6.6), (6.7), moxcho onpe^ejiHTb HeKOTopbifi 
opflHHaji 7G[7'^,x^[ nepes x,q;o,q;2 cjieflyiomefi 4)opMyjiOH 

3a', P<ao {OT (dom (sf'^'^^Jx) ) = a' A Va < ;9 ip-"^° (a, a') A 

Ho Tor^a jieMMa 4.6 BjieneT npoTHBopenne: 
OT{So) < 7 < OT{So) . 

HiaK, 9TO flHcceMHHaTop c SaaoH pQ h nosTOMy oSjia^aeT 

npOH3BO/];HmHMH /];HCCeMHHaTOpaMH CO BCCMH 6a3aMH p < x~^- 

Tenepb ppuycTHM, hto G E^, ho nanpoTHB - MHOJKecTBo Bcex 
flHcceMHHaTopoB He KOHcJjHHajibHO KapflHHajiy ao. Corjiacno jieivi- 
MaM 6.10, 6.8 3) b 9tom cjiynae cymecTByeT flHcceMHHaTop 



6. /l^HCCeMHHaTOpbl 
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p,eSIN<-"[< x+] 

c SasoH x+. ;Hji5i 7i = f{Pi) Kapflnnaji Pi npoflOJixcaeT pf> ao 
n^-yTBep3c/],eHHe 

V,5,7 (V'(/3,7) — >7<li) 

H 4)yHKU,HH / CTaHOBHTCfl OrpaHHHeHHOH OpflHHajIOM 71 < 

BonpeKH (iv). H 

Cxo/];HbiMH paccyxcfleHHHMH ycTanaBjiHBaeTca cjie^yiomaji Baac- 

Haa 

JleMMa 6.14 (O nopoxcflennH MaTpHHHbix (5-4)yHKn,HH) 
Ilycmb KapduHcuiu x < ai eunoAHSitom ycjioeun: 

(i) ArHx*) = ll<"^a)ll ; 

ai = sup5/iV<^i = sup5/iV<_"i ; 
("m; c/(ai) > x"^ ; 

('iiij KapdunaA x ^ X* onpedeAnemcM nepes x* (popMyjiou 
KAaCCa T,n-2 U n„_2 . 

Tosda cyiu,ecmeyem KapduHcui 7^"^ maKou, umo na MHoatcecmee 

T = {r:7<"^ <7<"n 

onpedeAena (fiyuKv^usi 21, Komopan Oaji KaMcdoeo t o6Aa- 
daem ceoucmeaMu: 
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Fjiasa I. EasoBaa Teopna 



1) 21(t) amo 6-Mampuna S ypoenn m pedyii^upoeaHHan 
K X u donycmuMan na HenomopoM HocumeAe a G ] 7^"^ , 7^+1 [ 
Bah 7^"^ HUMce ai; 

2) MHOMcecmeo ecex nopoMcdamvuux ducceMUHamopoe Mam- 
pu%u S Ha a amozo ypoenn KOHcfiuHaAbHO KapdunaAy af-; 



B amoM CAyuae mu 6ydeM zoeopumb, umo (pyHKti,UH 21 nopoMC- 
dena KapduHUAOM ai u 6ydeM Hasueanib ee MampuuHou 6- 
(jiyHKU,ueu. 

floKasameA'bcmeo coctoht b noBTopeHHHH nocTpoeHHH 4)yHKii;HH 
5j HHJKe ai H3 onpeflejieHHH 15.141 ho neMHoro HSMeneHHoro. 
BepxHHH HHfleKC < ai 5yfleT onycKaTbca fljia KpaTKOCTH. HpHMe- 
HHM jieMMy 6.12 k BCHKOMy KapflHHajiy 7^1 > Xi 7ti € SINm-i 

KOHcJjHHajIBHOCTH ^ CymeCTBOBaHHe TaKHX KapflHHajIOB cjie- 

j\yeT H3 ycjioBHS [in) h jieMMbi 3.4 1) {j^Jia n = m — 1). One- 
BHflHO, MaTpHii,a S Ha HOCHTejie a S ]7tu 7ti+i [j nopoJKfleHHaa 
KapflHHajioM 7t-j , o6jiaflaeT cjieflyromnM cbohctbom ^jih t = ti : 



c/(a^) / X+ A V7 < 7r (5/iV,n-i(7) ^ 5/iV<^i(7)) • (6.8) 



Ilo jieMMe 3.2 06 orpaHHHeHHH (flJiH n — 1 bmbcto n) TaKne 

HOCHTejIH Q CymeCTByroT B KaJKflOM [7r,7T+i[ flJIH X < 7t+i < 

7t-i (cm. flOKasaTejibCTBo jieMMbi 5.17 2) (ii) ). /],eHCTBHTejibHo, 
paccMOTpHM n„_2-4)opMyjiy ip{a,x,'y7^lT,S): 



3) c/(a^) = x 



4) (7< 



1 + 1) n 5/7y, 




7. < a A c/(a^) / x+ A a(x, a, 5) A SIN<'^\ij^), 



6. /l^HCCeMHHaTOpbl 
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rfle 

7^ = sup ((7^ + 1) n^/AT^-i). 
E„_i-yTBepxc/],eHHe 3a coflepxcHT KOHCTaHTbi 

X, 7r"> 7T<7r+l, 5'<7r+l, 

no3TOMy S'/A^„_i-Kap;];HHaji 7r+i orpaHHHHBaeT 3to yTBepjK/];e- 
HHe H MaTpHLi,a 5 noHBjiHeTca na HocHTejie a G [Xr)XT+i[) ^to 
H ycTanaBjiHBaeT (6.8). 

Ilocjie SToro noBTopHM onpe^ejieHHe 5.14 MaTpHHHOH 4)yHKii,HH 
Sf HHJKe ai, HO HaKjia/];biBaH ;];onojiHHTe.JibHoc TpeGoBanne (6.8) 
Ha HocHTejib a; b pesyjibTaTe nojiynaeTCH 4)yHKH,HH Sy = {SJP')t, 
npHHHMaiomaH SHaHenHH: 

Sip- = mm{S : 3a < ai{jr < a A c/(a*) ^ x+ A a{x, a, S)A 

AV7 < 7r {SINrn-iil) SIN<'^\{j)))} . 

3Ta (J)yHKLi,HH j<-Hey6biBaeT KaK h 4)yHKLi;HH Sf b jieMMe 5.17, 
nosTOMy SjiaroflapH (in) cyHi,ecTByeT opflHHaji r"* G dom (^S^^ 

TaKOH, HTO 

7t-"» G SINjn-l U OaH 6CHK0Z0 T > 5^ = 5^ . 

PaCCMOTpHM HpOHSBOJIbHblH T > T™" H HOCHTCJIb Ct^ € [7T-,7r+l[ 

MaTpHn;bi S"™. TcHcpb onpc^cjicHHC 4)yHKn,HH S^ cjic^yeT ho- 

BTopHTb HHJKc = a"^^ , TOFfla nojiyHaion],aHCH 4)yHH,HH S"™^"^ 
no npejKHeMy ^-neySbiBaeT h coBna^aeT c 5^* na r. PaccyjKfle- 
HHe H3 KOHn,a npeflbi^ymero naparpacjja noKasbiBaeT c noMombio 
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ycjioBHH (iv), HTo OHa <-Hey6biBaeT flo h nosTOMy noHBjiaeTCH 
KapflHHaji 

aor = sup |7r'"^ • ^ d^""^ ("^7^"^) } 

TaKOH, HTO 

ttor = sup ^aoT n SIN^"\j . 

OHeBHflHO, HTO c/(aor) = X^) uosTOMy ycjiOBHe cf{a\) ^ 
BjieneT 

Tenepb mojkho npHMCHHTb jieMMy 6.13 k oot) «t b pojin ag, 

ai COOTBeTCTBeHHO H K 4)yHKn,HH 

/(/3) = sup{0d(5,r"^):7<"^</3} , 

KOTopbie BbinojiHaiOT Bce ycjiOBHa stoh jieMMbi. 

MaTpHii;a S = Sqt, nopojKfleHHaa Kap/];HHajioM aor Ha HOCHTe- 
jie ttg^ HHJKe a]. o6jia;],aeT npoH3BOflHiii,HMH flncceMHHaTopaMH 
ypoBHH m CO BceMH SasaMH < x'^- HeTpy^Ho BH^eTb, hto mho- 

XCeCTBO 9THX flHCCeMHHaTOpOB KOHc|)HHajIbHO aQr = CKo^- H ^TO 

OHa HMeeT neKOTopbifi npoH3BOflsin];HH flHCceMHHaTop (5 < 7,-, flo- 
nycTHMbiii fljiH 7,-. 

CjieflOBaTejibHO, nojiynaiomaHCH 4)yHKu,H5i 21 co SHaneHHaMH 
2l(r) = iSor BbinojiHaeT saKjuoneHHa stoh jieMMbi nojiHOCTbio. 

H 



Tenepb GasoBaa TcopHH paspaGoTana /];ocTaTOHHO ji^na ji^ajib- 
Heiimero anajiHsa MaTpHHHbix 4)yHKu,HH, KOTopbiH 6yfleT npe^npH- 
HHT B nocjie/i,yioii],eH HacTH II 9toh pa6oTbi. 



IlpHMeHaHHa 



cTp. |5H Sflecb jKejiaTejibHo npoacHHTb Bonpoc, HcnojitsyeT- 
CH jiH rnnoTeaa He/;ocTHJKHMoro Kap/;HHajia b bthx Hccjie/;oBaHHHX 
cymecTBeHHbiM o6pa30M. 

3Ta rnnoTesa HcnojibseTca speech na npoTHJKeHHH Bcero Hccjieflo- 

BaHHH. AKCHOMa MHOJKeCTBa nOflMHOJKeCTB HCnOJIbSyeTCH B Lfc 

noHTH Ha KajKflOM mary, b nacTHOCTH, npn HcnojibsoBaHHH CKOJie- 
MOBCKHX 4)yHKii,HH flJiH npeo6pa30BaHHH (\yopMyji a ax cneKTpoB, 
a TaKJKe b KayKflpu cjiynae paspaGoTKH neKOToporo HOBoro noHH- 

THH. 

KpoMe Toro, neflocTHJKHMOCTb KapflHHajia k BecbMa cymecTBeHHO 
HcnojibsyeTCH b k-ufinnoM ycjioBHH ajire6pbi B (jieMMa 1.1), 6e3 
KOToporo 6yjieBbi SHaneHHH, cneKTpti h MaTpHii,bi - sto Kjiaccbi b 
Lfc) He MHOJKecTBa, h ohh He MoryT cpaBHHBaTbCH flpyr c flpyroM 
Tpe6yeMbiM o6pa30M. B pesyjibTaTe 6a30Baa Teopna h cnei^najib- 

Haa TeOpHH CTanOBHTCH HeBOSMOJKHblMH B 3TOH CHTyaiI,HH. 

CTp. [33l ^ByxMepHbie cneKTpbi CTpoHTCH cjieflyiomnM o6pa- 
30M. PaccMOTpHM yTBepjKfleHHe: 

A) = 3x (pi{x, 1^,1) = 3xVy ip2ix, y, 1^ ,[)■ 

K KajK/;oMy opflHHajiy CKaHKa a cJaopMyjibi 93 flJiH KopTeaca "o^ 
HHJKe ai cjieflyeT npncoeflHHHTb cneKTp yTBep^Kflenna ip[ = 
3y^ip2{F-{a),y,l^ ,1) HH»ce ai, ho yme na KopTejKe {a,l^). 
B pesyjiBTaTe nojiynaeTCH (^yHKU^aa, KOTopaa HBjiaeTCH ^ByxMep- 
HbiM cneKTpoM: 
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TIpHMe^aHHa 



(^) = {(a, /3, A^"i (a, A (a, /3, ^)) : a, /? < ai A 
AA^"i (a, ^) > A A^^' {a, (3, ^) > 0}. 

Ero nepsaa h BTopaa npoeKii,HH cocTaBJiaeT flByxMepHbift opflH- 
HajibHbiH cneKTp, b to BpeMH KaK TpeTbH H HeTBepTaa npoeKii;HH 
cocTaBjiaeT flByxMepHbift 6yjieB cneKTp yTBepjKfleHHH ip na Kop- 
TejKe it HHJKe ai. TpexMepHbili cneKTp nojiynaeTCH anajio- 
rHHHbiM o6pa30M nocjieflyiomHM npHcoeflHHeHHeM cneTpoB h 
TaK flajiee. OflnaKO npHMenenHH MHoroMepHbix cneKTpoB JiejKaT 
3a npeflejiaMH btoh pa6oTbi. 

CTp. 02] OHeBHflHO, nOHHTHe CyGneflOCTHJKHMOCTH MOJK- 

Ho ccJjopMyjiHpoBaTb B TepMHHax sjieMBHTapHbix noflMOflejieit, ho 
TOjiBKO B cjieflyromelt cymecTBeHHO 6ojiee cjiojkhoh h HCKyccTBe- 
HOH 4)opMe: 

OpflHHaji a HBjiaeTCH cyGneflocTHJKHMbiM ypoBHH n HH»ce 
«!, ecjiH La[Z|ai] 3to S„-3jieMeHTapHaH noflMOflejib LQ,^[Z|ai] 
Oah KaMcdou W-zeHepuuecKou c^yuKv^uu I. 

HMeHHo 3TO flfijiaeTca b jieMMe 3.2. Sflecb necKOJiBKo cjiob cjie^yeT 
CKasaTb no STOMy noBOfly. 

3to nonsTHe ne mojkbt Gbitb ecTecTBenno peflyu;HpoBano k 3jie- 
MeHTapnoH SKBHBajienTnocTH KoncTpyKTHBnbix cerMenTOB , La 
TOjiBKO, no Tpe6yeT BOBjienenna Bcex nx pacmnpennn yKasannoro 
BHfla. 

TaKHM o6pa30M, ncnojibsyji nofloGnyio TepMnnojiornio, Kor/i;a na- 
paMBTpbi a, ai BapbnpyroTCH oflnoBpeMenno c flpyrnMH TaKJKe 
cy6neflocTnjKnMbiMn Kap/;nnajiaMn, mbi nojiynaeM neKOTopoe Mno- 
roypoBneBoe n rpoM03/;Koe onncanne nonsTHH, KOTopoe oco6enno 
neecTecTBenno, nocKOJibxy na caMOM flejie 3to nonsTne pa6oTaeT 
TOJiBKO BnyTpn L^. 

Bojiee Toro, h nonsTne /];ncceMnnaTopa (§6), KOTopoe HBjiaeTCH 
npocTbiM o6o6n];enHeM nonsTna cy6neflocTnjKnMOCTn, CTanoBnT- 



UpHMe HaHHa 
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CH HeecTecTBeHHO ycjiojKHeHHbiM B TepMHHax sjieMeHTapHbix nofl- 
MOflejieft. HoBTOMy Tpe6yeTCH neKOTopoe 6ojiee ypflGnoe onncaHne 
3Toro noHHTHH, yKa3MBaioiii,ee nenocpeflCTBeHHO na cyiii,HOCTb 3to- 
ro aBjieHHH, npocTO onpe;];ejiHMoe h noBTOMy npHroflHoe fljia hc- 
cjie/];oBaHHH nocTaBjieHHoft npo6jieMbi - to ecTb cy6He/];ocTHJKH- 
MOCTb nocpeflCTBOM 4)opMyjibHbix cneKTpoB, BBefleHHaa Bbime. 

CTp. C 3Toii ii;ejibro cjie^yeT Bce 6yjieBbi anaHenHH mho- 
roMepHbix cneKTpoB peflyii,HpoBaTb k flannoMy opflnnajiy x- Ha- 
npHMep, flByxMepHbie cneKTpbi (cm. npHMenaHne 2) ) TpaHc4)op- 
MHpyroTCH B Hx peflyii,HpoBaHHbie 4)opMbi: 

S^"2^ (^)Tx = {(a, /3, A^°^ (a, lt)'\x, A (a, /3, l^)Tx) : 

: a, /3 < ai A A^^^ (a, ^)Tx > A A (a, (3, ^)Tx > 0}. 

CTp. |59] HanpHMep, mojkho noTpe6oBaTb onpe/;ejiHMOCTi. 6 
He B Lfc, a B HCKOTopoM Lfe [/]; mojkho ocjia6HTb ycjioBHe (ii) pfl 

yCJIOBHH 

S/iV„_2(ai) A OT{ ]ao, ai[ n > x+, 

TaKJKe MOJKHO cymecTBCHHO ocjia6HTb Tpe6oBaHHH, HajiojKeHHbie 

Ha X H T.fl. 

CTp. |93] Sflecb cjieflyeT o6paTHTb BHHManne na cjieflyro- 
mee HHTepecHoe noHHTne 6e33Kcii;eccHBHOH 6a3bi flaHHbix: 6a3a p 
Mampu%u S, donycmuMou na uocumeAe a, Hasueaemcn 6e3- 
SKCueccueHou, ecjin ecjiH yMenbineHHe p BjieneT yMeHbineHHe 
npoH3BO/;Hiii,ero /i;HcceMHHaTopa flJiH S na tom jkc HOCHTejie a: 
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J^ejio B TOM, HTO cpeflH 6a3 /];HcceMHHaTopoB MaTpHii;bi S na 
HOCHTejie a bosmojkhbi 6a3i.i p, oGjiaflaromHe neKOTopoft "h3- 

6bITOHHOCTi.Io" HH4)OpMaiI,HH B TOM CMblCJie, HTO flJIH HeKOTOpOTO 

p' < p Bce eme 

5P' = 5P 

Ha a H, BbixoflHT, BMecTO /9 MOMcem 6um'b ucnoAt>3oeaHa Mewb- 
man 6a3a p' < p 6e3 bchkou nomepu fljia pacnojioJKeHHH flHC- 
ceMHHaTopa (h, cjie^oBaTejibHo, ^jih ero fleftcTBHs). EcTecTBeHHo 
HcnojibsoBaTb 6a3bi, CBo6oflHbie ot no/i,o6HOH hsGbitohhocth, to 
ecTb 6e33KCLi,eccHBHbie 6a3bi. Cjie^yeT otmbthtb, hto b no/;o6HOM 
cjiynae HcnojibsOBaHHe MeHbineli Gasbi, mojkbt Gbitb, bosmojkho, 
HO moAbKO Kor^a cooTBeTCTByromnft flHcceMHHaTop yMenbrneH. 

HeTpyflHO flOKasaTb jieMMy, KOTopaa ycTanaBjiHBaeT saMenaTejib- 
Hoe CBOHCTBo: He TOJiBKO TaKaa 6a3a onpeflejiaeT pacnojioJKeHne 
npoH3BO/;Hiii,ero flHcceMHHaTopa, ho h Hao6opoT - TaKoit fl^nccewK- 
HaTop OHpeflejiaeT ero 6e33KCH,eccHBHyK) Gaay p^ayKe fl^Jia pasHbix 
MaTpHu; Ha pasHbix HocHTejisix: 

JleMMa 

Ilycmb Si, S2 dfno Mampuii^u na HocumeAnx ai, 0.2, 06- 
Aadammue npou3eodsiiu,UMU ducceMunamopaMU 5i, 62 ypoenn 
m c 6e39Kcv,eccueHUMU 6a3aMu pi, p2 na amux HocumeAsix 
coomeemcmeeHHO, mozda: 

ecAu 5i = 82 ^ SIN^\ n SIN^\, mo pi = p2- 



'^^ CTp. |M1 3flecb coBepmeHHO Heo6xoflHMO o6paTHTb BHHManne 

Ha TOT 4)aKT, HTO yCJIOBHe (a) 3TOH JieMMbI 

ArHx*) = \\uT'iL)\\ 



HBjiaeTCH flocTaTOHHbiM fljiH HpoBefleHHH H 3Toro flOKaaaTejibCTBa, 
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H TEKJKe fljiH Bcex flajibHeftiuHX paccyjKfleHHH. Hto6m npoHjijiio- 
CTpHpoBaTb, K HeMy MOJKeT npHBecTH HenoHHMaHHe SToro ycjio- 
BHH, aBTop xoTeji 6bi npe/;cTaBHTb (b KanecTBe npHMepa) otsbib 
oflHoro peii,eH3eHTa b 2000 ropj: 

Pev,eH3eHm: "JleMMa 6.12 neBepna. Bot KOHTpnpHMep. HycTb x 
3TO opflHHaji X* 1 onpeflejieHHbiH na CTp.25 [sflecb onpeflejienne 
15.41 Ha CTp. [63]— aemop]. Tor/i,a p^jia KajKfloro ai, ycjioBHe (ii) 
jieMMbi 6.12 BbinojiHHeTCH. HycTb ai bto HauMemmuu opflHHaji 
a, o6jiaflaK)mHH cjie^yiomnMH TpeMH CBoftcTBaMH: 

(a) a> x; 

(b) aeSINn-2; 

(c) sup {/3 < a : /3 E SIN<^^ } = a. 

OneEHflHO, TaKOH a cymecTByeT, h bchkhh TaKoli BbinojinaeT 
ycjioBHe a (i) jieMMbi 6.12. IlycTb oq bto jiio6oh sjieMeHT 
SIN^^^, npeBocxo/;amHH x- Tor/i,a nocbiJiKa 6.12 yflOBjieTBO- 
pena. Ho saKjironeHne 6.12 Hapymeno. Tax KaK ecjin Sq h Og 
BbinojiHHKJT saKjironeHHe, to no onpeflejieHHro "cHHryjiapnoH MaT- 
pHii,bi" H "HOCHTejia", Oq BbinojiHHeT (a)-(c); ho u'q < ai b npo- 

THBOpeHHH C MHHHMajIbHOCTbK) «!. 

OmnGKa aBTopa b flOKasaTejibCTBe jieMMbi 6.12 coctoht b Hcnojib- 
soBaHHH JieMMbi 5.12. /],elicTBiiTejibHO, 5.12 BbinojiHJieTCH b MOfle- 
Jiii5.12 Lk, HO He BbinojiHHeTCH B MOflejiH Lq^. HepecJaopMyjinpya 
3TO B 0603HaHeHH5IX aBTOpa, eCJIH ip 3TO yTBep>K/i,eHHe H3 5.12, 
TO ip BblHOJIHHeTCH, a 93 '^"^ He BblHOJIHHeTCH. ip — KaK aBTop 

yKaBbiBaeT B flOKasaTejibCTBe 5.12 — 3TO n„ -yTBepjKfleHHe, h ai 
TOjibKO ypoBHH n — 2, a He ypoBHH n — 1, cyGneflocTHJKHMbiH; 
HOBTOMy He cyn];ecTByeT o6ocHOBaHHH fljiH saKjiioHeHHH, hto (p mo- 
jKeT 6biTb orpaHHHeno k ai. KoHTpnpHMep HOKasbiBaeT, hto 3to 

HeBOSMOJKHO." 

KoMMenmapuu aemopa e ezo omeeme e 2000 zody: "HeT, stot 
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KOHTpnpHMep caM HeBepen: He fljiH bchkofo ai ycjioBHe (ii) 
BbinojiHHeTCH; nanpHMep, fljiH ai, HcnojibsoBaHHoro caMHM pe- 
ii;eH3eHTOM! ^eitcTBHTejiBHO, peii,eH3eHT npaB, hto b btom cjiynae 
yTBepjKfleHHe as 5.12, HcnojibsOBaHHoe hm, BbinojiHHeTCH b L^. 
(h no3TOMy coxpaHHeTCH HHJKe X*) h He BbinojiHHeTca HHJKe qi, 
HO OTCiofla OH flejiaeT jiojkhbih bbibo^. Hao6opoT, hpothbohojiojk- 
Haa CHTyan,HH HMeeT MecTo: yTBepjKfleHHe -199 HOJiynaeT opflHHaji 
CKaHKa Hocjie x* HHJKe ai; no3TOMy S„-CHeKTpajibHO ynHBep- 
cajiBHoe yTBepjKfleHHe Un{l) TaK>Ke HOjiynaeT TaKoft opp^iiHaji 
CKaHKa (6ojiee Toro, 6ecKOHeHHO MHoro TaKHX opflnnajiOB b ycjio- 
BHHX 3Toro KOHTpnpHMepa) . 3to osHanaeT napymeHHe ycjiOBHH 

(ii), TO eCTb B /;eHCTBHTejIbHOCTH 

ATHxl < \\uTHL)\\ ■ 

JXa, /i,eHCTBHTejibHO, 3TO n„-yTBepjKfleHHe, h ai tojibko 

ypoBHH n — 2, a He ypoBHH n — 1", ho TeM ne Menee (p coxpana- 
eTCH HHJKe Qi, ecjiH ycjioBHe (ii) BbiHOjiHHeTca". 

^) CTp. 11021 3tot pasfleji MOJKeT 6biTb saKOHnen en^e ofl- 
HHM KOMMeHTapneM Ha pacHOJioJKeHHe flHcceMHHaTopoB. B jieM- 
Max l6.13| 16.141 Hopo>KjieHHbie 5-MaTpHU,bi na HOCHTejiHX a aue- 

K)T HpOH3BO/;HHl,He flHCCeMHHaTOpbl, paCHOJIOJKeHHbie KOHcJaHHajIb- 

Ho a^, H c/(a^) = ■ HcHOJibsya MeTOflbi paccyjKfleHHH h3 
flOKasaTejibCTB jieMM 6.13, 6.14 mojkho HOKasaTb, hto ^jih <- 

MHHHMajIBHblX (5-MaTpHU, H m > n + 1 3TO HeH36eJKHO: 

JleMMa 

nycnih KapduHttJiu x < Ir"^ ^ Mampuv,a S eunoJiHfimm 
ycAoeuH: 

(i) AT'{x*) = \\uTHm ; 

(a) S 9mo 6-Mampuii,a ypoenn m>n + l, donycmuMan 
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Ha HeKomopoM HocumeAe a € ]'y^°''^ , ai[ Oah 7^"^ HUMce ai; 

(in) S 9mo <-MUHUMaAbHafi MampuVfa U30 ecex 6-Mampuv, 
c amuM ceoucmeoM. 

Tosda S Ha Hocumejie a o6jiadaem npouseodnmuMU ducceMuna- 
mopoMU ypoeHH m co eceMU 6a3aMU p < x'^ > pacnojiooKeHHUMU 
KOH^UHOJibHO a\, u cf{a\) = x+. 

3Ta jieMMa ne HcnojibsyeTca b ;];ajibHeHmeM h nosTOMy ee flOKasa- 
TejibCTBO onycKaeTCsi. 
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